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Abstract

This thesis details the research into the one-dimensional wave equation as applied to piles used
in the support of structures for civil works and driven using impact equipment. Since the 1950's,
numerical methods, both finite difference and finite element, have been used extensively for the
analysis of piles during driving and are the most accepted method of analysis for the
determination of driving stresses, dynamic and static resistance of piles. In this thesis the wave
equation is solved in a relatively simple closed form without recourse to numerical methods. A
review of past efforts to solve the wave equation in closed form is included. Problems that
appear in previous related works are discussed and derived again, including the Prescott-Laura
problem of the cable system stopped at one end and the solution of a
hammer/cushion/cap/pile system for a semi-infinite pile. The latter is used to assist in the
determination of a pile top force-time function that can be used to simulate the impact of the
hammer on the pile. The basic equations, initial and boundary conditions are detailed, with the
parameters adjusted to match actual soil dynamic behaviour while at the same time being a form
convenient for closed form solution. To avoid difficulties due to spectral elements in the
boundary conditions, a strain-based model of the radiation dampening in the pile toe was
developed. The solution technique uses a Laplace transform of the semi-infinite pile problem for
0 <t<L/c (or for a time duration 0 <t < 3, where d < L/c) and a Fourier series solution of the
Sturm-Liouville problem thereafter. This solution is applied both to undamped and damped

wave equations. The work includes comparison with existing numerical methods such as
WEAPS87, ANSYS, and Newmark’s method using Maple V.

Note on the Internet Edition

This thesis was originally submitted for examination and defence to the thesis committee in the
spring of 1997. The Chairman of that committee examined the final copy of this thesis and
recommended (with the concurrence of the rest of the Committee) that it be accepted in partial
fulfilment of the requirements for the degree of Master of Science with a concentration in Civil
Engineering. The Director of Graduate Studies subsequently accepted it.

In preparing the thesis for this Internet Edition, the text formatting was compressed (the original
used double spacing) to save space. Additionally Appendices A-E (the appendices with the
Maple runs) were eliminated except for a few figures, as the software has changed and importing
scanned graphical copies would excessively expand the size of the file. The titles for these
appendices have been retained for reference, and their salient content is included in the text
itself. Also some minor corrections and harmonisations from the original manuscript were
made as well.



Preface

Let us consider that if the ancients had kept to this deference of daring to add
nothing to the knowledge transmitted to them and if their contemporaries had
been as much opposed to accepting anything new, they would have deprived both
themselves and their posterity of the fruit of their discoveries. Just as they used
the discoveries handed down to them only as the means of making new ones, and
that happy daring had opened the road for them to great achievements, so we
should take the discoveries won for us by them in the same spirit, and following
their example make these discoveries the means and not the end of our study,
and thus by imitating the ancients try to surpass them.

This quotation, taken from the Preface to the Treatise on the Vacuum by the French scientist
and Christian thinker Blaise Pascal, is as fitting way of beginning such a work as this as one can
find. Although the wave equation itself has been investigated since the days of Bernoulli, the
application of stress-wave theory to piles is relatively recent, going back to the early 1930's.
Although it is an exaggeration to refer to those who first investigated these matters as "ancients,"
given the acceleration of the growth of knowledge and the application of technology the time
between the first investigations of this problem and the present is in reality rather long.

In any investigation such as this the ideal goal is to come up with something truly novel, and
many of such works emphasize their novelty to the denigration of those who have gone on
before. While in some fields of endeavour this might be appropriate, in this case such sweeping
novelty cannot be claimed. This work fits the mould as outlined by Pascal above: it takes the
work that has been done before, advances it a step while realizing that there are many more
steps before "perfection" is achieved.

The use of the analysis of stress waves in piles to determine everything from the performance
of the hammer to the capacity of the pile is widespread today. Most of these methods use
numerical methods for the analysis. The use of numerical methods came rather early in this
history of stress wave application to piles, earlier in fact than the computer power really needed
for practical application was readily available. Closed form solutions were either abandoned
entirely or applied on a limited basis or in an ancillary way to other techniques.

The acceptance of these methods without a way to really compare them with some kind of
"theoretical" result have left some involved in the analysis of pile driving uneasy as to the
theoretical basis of the solutions employed. A great deal of work has been done to correlate the
numerical models with field data. But are these adjustments being made to actual field
phenomena or to underlying deficiencies in the methods we are using? The answer to this
question is critical because without a solution to this problem we may be solving the wrong
problem, and thus guaranteeing surprises in the future when a breakdown in our corrections is
induced by unforeseen conditions. This is especially important in a geotechnical problem
because the variables in a problem are generally complex and inadequately quantified.

It is for this reason that we are "backtracking" to a closed form solution in this thesis. In
doing this we are forced to take a hard look at the underlying mathematical theory of the wave
equation as it can be applied to piles. Putting together sound mathematical application with the
basic physics of the problem is something that is frequently lacking (generally through no fault of



the investigators) in works in this field. While in this thesis we have attempted to accomplish this,
we have both applied mathematics in a different way and in the process acquired a new sense of
humility because the complexity of the problem stretches the mathematics applied to the limit.

With these thoughts we proceed to our subject, realizing that we are indebted to those who
have gone before us and hoping to be yet another link in the chain of knowledge and
understanding to those who might come after. With regard to understanding, however, we close
with a quotation from the great Jewish scholar Moses Maimonedes, from his Guide to the
Perplexed:

My son, so long as you are engaged in studying the Mathematical Sciences
and Logic, you belong to those who go round about the palace in search of the
gate...When you understand Physics, you have entered the hall; and when, after
completing the study of Natural Philosophy, you master Metaphysics, you have
entered the innermost court, and are with the king in the palace. You have
attained the degree of the wise men, who include men of different grades of
perfection. There are some who direct all their mind toward the attainment of
perfection in Metaphysics, devote themselves entirely to God, exclude from their
thought every other thing, and employ all their intellectual faculties in the study of
the Universe, in order to derive therefrom a proof for the existence of God, and
to learn in every possible way how God rules all things; they form the class of
those who have entered the palace, namely the class of prophets.
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I. OVERVIEW OF PILE DYNAMICS

A. Piles in General

Piles driven by impact have been used to support structures on soft soils since the beginning
of civilization. Because of the ease of water transportation, cities and entire nations have been
located in coastal areas or along rivers. These areas are generally natural places to find weak
soils and thus are sites where driven piles are used, although they are not the only places where
driven piles are advantageous.

Until the end of the nineteenth century, virtually all piles were wood piles driven using a drop
hammer. The drop hammer is a simple device where a weight guided by leaders is hoisted some
distance about the pile top and then released to impact the pile, which is generally covered by
some kind of driving accessory and cushion material. At the end of the nineteenth century, two
events took place that began the serious advance of the practice of driven piles — the
development of the automatic pile driver and the development of new materials for piles,
specifically the steel pile and the reinforced concrete pile.

B. Pile Dynamics

The analysis of piles during their installation is a separate field altogether from the analysis of
the static capacity of piles based on the soil conditions. As a result of this, the analysis of piles
moving during installation is considered to be a science of its own, which is referred to as pile
dynamics. Although pile dynamics can certainly apply to the study of piles under other types of
time dependent loading (lateral and axial cyclic loading, earthquake loading, etc.), in all cases the
consideration of the physics of the pile movement and the soil response are different from static
soil models. This is especially true with time dependent effects and the effects of soil plasticity.
In static analysis of foundations in general and piles in particular one desires an elastic response
from the soil, and the soil is analysed with this objective; in pile dynamics, a plastic response is
necessary for pile penetration.

C. Dynamic Formulae

Probably no branch of civil engineering depends more on the judgment and experience of its
practitioners than geotechnical engineering, and this applies nowhere more than with deep
foundations in general and driven piles in particular. Until the advent of a reasonable body of
theory, all civil engineering was the subject of the engineer's raw experience; in some cases,
structural engineers such as Thomas Telford made a virtue out of this (Billington, 1983).
However, the advance in the understanding of engineering mechanics made the use of theory
inevitable and indeed desirable in the advancement of the design and construction of useful
structures. Because of the complexity and variability of ground conditions and soil mechanics,
this process proceeded more slowly in geotechnical engineering than with any other branch of
civil engineering.

It was inevitable that some kind of theory would be developed to explain the penetration of
piles driven by impact and the theory first employed was that of Newtonian impact mechanics,
with its assumptions of rigid body mechanics and conservation of momentum or energy. The
basics of this theory are given in Jacoby and Davis (1941). The most common of these dynamic



formulae is the Engineering News formula, developed by A.M. Wellington and given by the
equation

WM.

where R. = Allowable Load on Pile, Pounds
W, = Ram Weight of Hammer, Pounds
H, = Effective Fall of Hammer, ft.
s, = Average Penetration Per Blow under Last Few Blows, inches
¢, = EN Formula Constant = 1 for Drop Hammers, 0.1-0.3 for Steam Hammers

The dynamic formulae were a reasonable approach to the problem as long as the
assumptions of the theory were not extensively violated. To begin with, wood piling are
generally short (10-15m) in length; the effects of wave propagation in them are minimal.
Moreover they were a simple solution to a complex problem whose other variables (such as the
interaction of the soil and the pile during loading) were not much better understood by other
means. They gave all parties involved in driven piles additional information, which they did not
have before, and they made it possible to make some kind of evaluation on site.

D. Shortcomings of Dynamic Formulae

Although dynamic formulae were used for many years and still are used in a large number of
pile specifications, they have some serious shortcomings. These fall into two categories, namely
weaknesses in the theory and changes in the application.

Weaknesses in the theory include
e the assumption that the pile is a rigid body

e inadequate modelling of the energy transfer between the hammer and the pile, or the pile
and the soil, or effects of the simultaneous occurrence of both

e use of plastic soil model only without any consideration of soil elasticity or radiation
dampening

The major change in the application — and the one that first generated interest in the
application of wave mechanics in the first place — was the advent of concrete piles, which took
place in the late 1890's. Because of the brittle nature of concrete, the possibility of damage
during installation was increased; dynamic formulae were not equipped to estimate such stresses
accurately. Moreover the use of materials not occurring in nature (such as concrete or steel)
enabled foundation engineers to design longer piles than were possible in wood. The longer
the pile, the less it could act as a rigid mass and the more its distributed mass and elasticity
became an important consideration.

E. Isaacs' (1931) Research
The first observation of stress waves in piles was given by Isaacs (1931). The dynamic

formulae had been developed primarily with timber piles in mind; with the growing usage of
concrete piles, it became apparent that, because of the length and properties of timber piles, the



dynamic formulae (with their assumption that the pile is a rigid mass) would not be sufficient for
concrete piles. This became an urgent problem to solve when tension cracking took place in
concrete piles. Isaacs started out by reviewing the dynamic formulae. Part of his review included
a discussion of the factor of safety, where he made a statement that is still relevant:

It should be remembered, however, that these are not true factors of safety,
but include a "factor of ignorance." The author suggests that when the ultimate
resistance of any pile has been determined, in fixing the factor of safety...the most
unfavourable conditions possible in the supporting strata should be judged (the
range of conditions possible being narrowed with better knowledge of the
subsurface conditions and of the possibility of disturbance from extraneous
sources) and a proportion of the factor of safety — a "factor of ignorance" — then
allowed in respect to these possible conditions, the manner of determining the
ultimate load, and the type of loading to be borne. The remaining proportion of
the factor of safety — or true margin of safety — should be approximately constant
for all classes of loading and foundation conditions involving the same value of
loss in case of failure; and the overall factor of safety...will then be equal to the
product of the true factor of safety with the "factor of ignorance.” (p. 305)

After this, he described an experiment where rods are impacted against each other in a
pendulum setup. As the rods were lengthened, the behaviour of the rods deviated more and
more from Newtonian impact theory.

He then went on to do the following:

develop an integration technique to solve the basic equations,

develop a mathematical model based on the successive transmission and reflection of waves,
c) construct a drafting machine to draw out the solution and thus solve the problem graphically,
solve for the stresses and displacements of the pile during driving and

develop a set of formulae and charts to make his results accessible for analysis of piles.

In the course of the investigation, Isaacs dealt with a number of questions that would become
central to stress wave analysis of piles, including tension stresses in concrete piles, the effect of
ram weight (he concluded that to a point a heavier ram reduced tension stresses,) and the effect
of cushion material stiffness and drive cap weight. His work also revealed the computational
complexity of stress wave analysis, a complexity that ensured the dominance of dynamic
formulae in pile analysis (with all of their serious limitations) for another half century.

F. Numerical Solutions

Isaacs' work demonstrated that it was one thing to show the existence of stress waves in piles
and quite another to quantify them. In the next section the history of the closed form solution is
discussed as background to the subject of the present thesis; however, the actual solution of the
wave equation that has become the state of the art for the analysis of pile dynamics is a
numerical one.

The seminal work in numerical analysis of wave mechanics of piles was that of Smith (1960).
He proposed the use of a first order, finite difference scheme to solve the wave equation. He



also proposed (from empirical considerations) that soils were elastic-purely plastic in nature with
added viscous damping. Finally he proposed a model for the hammer system that included
plasticity in the cushion material and the possibility of distributed mass and elasticity in the
hammer itself.

Smith's work was an important start but it took advances in both the technique itself and the
computers that ran it to make the wave equation as universal in pile dynamics as it is today.
Such advances are documented in Lowery et. al. (1969), Hirsch et. al. (1976), and Goble and
Rausche (1976, 1986). The wave equation has also been adapted to use in the estimation of
pile capacity and the distribution of that capacity through the CAPWAP method (Rausche et. al,
1985).

Another technique that is presently coming into wide use is the finite element technique
(Coutinho et. al.,, 1988). In contrast to the finite difference techniques, which are "one-
dimensional" in their modelling of the pile and soil, finite element techniques model the soil
around the pile as a continuum. Deeks (1992) analyses the numerical characteristics of many
finite element techniques. In addition to impact hammers, the finite element technique is now
being applied to vibratory driving of piles (Leonards et. al., 1995)



II. THEORY AND HISTORY OF THE CLOSED FORM SOLUTION
OF THE WAVE EQUATION FOR PILES

A. Definition of a Closed Form Solution

The object of this thesis is to develop a closed form solution of the wave equation for piles.
Because of the wide variety of solutions for differential equations, it is first necessary to define
what kinds of solutions are "closed form." For the purposes of this thesis, a closed form solution
of the wave equation for a pile is one where the solution of the governing differential equation is
integrated directly, whether to an equation or system of equations or to an infinite series, without
resorting to numerical methods.

B. The Wave Equation In General

The classical one-dimensional wave equation is given by the formula
u, (x,1)= cu, (X0 2) e 2)

where u(x,1),u(x,t"),u(x,w) = Displacement of Pile Particle, m
x = Distance from Pile Top, m
t = Time from Zero Point, seconds
¢ = Acoustic Speed of Pile Material, m/sec

For longitudinal vibrations, the constant ¢ is the acoustic speed of the material of the bar,
given by the equation

where E = Pile Young’s Modulus of Elasticity, Pa
p = Pile Density, kg/m3

Equation (2) is a hyperbolic, second order partial differential equation. Although in this form
the wave equation cannot be directly applied to most real piling due to soil damping and
elasticity along the side of the pile, it remains the basic equation of motion for one dimensional
systems.

Following is a presentation on the various types of solutions that have been performed in the
past specifically for piling. Most of this material is adapted from Warrington (1996).

C. Types of Closed Form Solutions
In order to attempt to make sense out of the work that has been carried out, five categories
of solutions were considered:
1) solutions relating to piles of semi-infinite length,
2) solutions using the method of images,

3) Fourier series types of solutions,



4) Laplace transform solutions, and
5) solutions specific to vibratory hammers with excitation by a single frequency.

In some cases the formulas reproduced have notation changes to arrive at a consistent
notation system in the thesis.

1. Semi-Infinite Pile Solutions
It may seem strange to begin a discussion of wave equation solutions for piles with a solution
type that strictly speaking only exists in theory. However, the consideration of this type of

solution is important in the understanding of the theory of wave mechanics in piles of a finite
length as well.

a) Theory of Semi-Infinite Pile Solution

Consider Equation (2), and assume that the bar has but one boundary at x = 0. Further
assume that the bar begins with no initial displacement or velocity, i.e.,

U(,0) = F110) =0 oo 4)
and
u, (x,O) 2 (0] S0 ettt ®))

where f(x) = Initial or Momentary Displacement Distribution in Pile, m

g(x) = Initial or Momentary Velocity Distribution in Pile, m/sec

Assume also that the bar is excited at the boundary in such a way that the displacement of
the end of the bar can be defined as

71O T A () USSR (6)
where f(¢) = Displacement Function at Pile Top, m

Kreyszig (1993) shows that, if the Laplace transform of Equation (2) is taken with respect to
t, the initial conditions of Equations (4) and (5) are used, and the infinite boundary condition

Xlignw (X ,8) =0 ettt e e e e e e e e e e tae e e e e e e @)

is applied, then the Laplace transform is

U(5) = Fg)e & L (8)

where U,U(x,s) = Laplace Transform of Pile Displacement

F(s) = Laplace Transform of Pile Top Displacement Function
s,s, = Laplace Transform Variable

The inverse transform of this is



X

where H(t),H(t ——) = Heaviside Step Function

c

This result shows that, for completeness, it is necessary to include the Heaviside step function

for a wave advancing along a bar with no previous excitation. This insures that any portion of

the bar ahead of the advancing wave is at rest mathematically as it is physically. The lack of this
Heaviside function is a common fault with wave equation solutions.

However, setting aside the Heaviside step functions and the Dirac delta function derivatives,
the derivatives with respect to distance and time are

U o T T e ettt h e st e e e et e e a e st e te e e ean e e eneeeas (10)
c
and
X
u,:f'(t——) ....................................................................................................................... (11)
c
Solving both of these equations with respect to the primed derivatives and equating,
1
T TP OO OPOPROPRRPRRP (12)
c

pile,

where A = Cross-Sectional Area of Pile, m?2

Since from elasticity (assuming the sign convention of compressive stresses as positive)

where ©,0(x,1) = Stress in Pile, Pa

the left hand side of Equation (13) represents the stress in the pile multiplied by the area, or the
pile force at any given point in the pile.

Turning to the right hand side, the pile impedance is defined by the quantity

EA
Z = 2 [PE A oo (15)
C

where Z = Pile Impedance, N-sec/m

Substituting Equations (14) and (15) into Equation (13),

0'A=F=Zu,(x,t),t<% ........................................................................................................ (16)



where F,F(x,t),F(x,a)) = Pile Force, N

From this the pile impedance is obviously

This result is a general type of solution; it is independent of the pile top configuration, i.e.,
whether the hammer is cushioned or cushionless, etc. This relationship can be used to calculate
the force-time or displacement-time relationship for these various types of systems.

b) Application of Semi-Infinite Theory to Piles

The main result of this special case is that it is possible to model the semi-infinite pile as a
velocity dependent “dashpot” with the impedance as the “dampening.” This enables the
analysis of the force-time characteristics of a simplified hammer-pile system by using ordinary
differential equations, be they analysed in closed form or numerically. These will be developed
later when the actual solution of the wave equation is presented. This is a useful result,
especially for long piles where the reflections do not return sufficiently quickly to interact with the
impact itself. The following are summaries of the various solutions to the problem:

Parola (1970): He first analysed the infinite pile model in a systematic way, formulating
variables and computing them using an analogue computer. He also attempted to apply the
results of the hammer-pile interaction at the top of the pile to the response of the soil. His work
was confirmed and expanded by Warrington (1987) using numerical integration and including
cushionless hammers as well as cushioned ones.

Van Koten et. al. (1980): They developed a semi-infinite pile solution which included visco-
elastic shaft resistance; the resulting equation of displacement includes modified Bessel
functions. The model is then converted to a finite pile model using the method of images.

Deeks (1992): This was a comprehensive solution of the equations of motion for the semi-
infinite pile in true closed form with application to actual case histories. His main objective was
to use these results to evaluate numerical methods of analysis for piles, an important application
for closed form methods. Deeks also considered losses in the cushion material as viscous losses,
which gave the possibility of analysing variations in the loading rate of the cushion material, as
opposed to the static one presently used with finite difference wave equation analyses.

Parker (1996): This represents another attempt to make a relatively simple correlation
between the results of semi-infinite pile theory at the top of the pile to the soil response. He only
considered the impact of a rigid ram with the pile top, using empirical factors to relate this to
actual observed hammer performance. Since his main interest is in offshore piling, he was able
to concentrate all of the resistance at the pile toe with relatively minor loss in accuracy.

2. Method of Images
It can be shown (Wylie, 1979) that Equation (1) can be solved in the form
el G e g e (o el 3 RSP PURR (18)

where f(x—ct),g(x+ct) = Functions of x and t



This solution is in the so-called "d'Alembert Form." Using this type of solution the wave
equation can be conceptualised as an odd periodic function, the period being defined by the
length of the vibrating rod. The method of images is based on this concept, as it seeks to solve
the wave equation by considering the effects of the periodic transmissions and reflections of the
stress wave generated by the hammer along the pile. In doing this it attempts to avoid the
complexities of other closed form solutions.

Glanville et. al (1938): This study was one of the first comprehensive studies on stress waves
in piles in general. Equation (2) was used to develop equations to estimate the stress in the pile
during driving, using the method of images. Because of the complexity of the equations, the
results were reduced to a series of charts where a quantity of dimensionless stress was plotted
against the ratio of hammer weight to pile weight. The charts could then be used to estimate pile
stresses and resistance. The charts were applicable to concrete piles only, which was a serious
limitation to such solutions, because they were applicable to a limited universe of piles.

In addition to developing a solution to the wave equation, the authors continued Isaacs’
(1931) work in addressing technical issues and experimental techniques that have enduring
interest in pile dynamics. These included instrumentation and data collection of stresses and
forces in piles, including remote data gathering through "portable" equipment in a trailer, further
research on the effect of the hammer cushion on the generation and effect of the pile stress wave
(these were included in the analytical work,) drop tower testing on cushion material to determine
the cushion stiffness, and further work on the relationship of ram weight to pile weight and cross
section.

Hansen and Denver (1980): The authors proposed a solution of the wave equation using the
method of images but also included a visco-elasto-plastic model for the shaft and toe friction.
The behaviour of the pile was then calculated by successive applications of the stress wave. The
authors also applied the model to pile discontinuities, both pile defects and changes in cross
sectional area. The method was applied to a numerical integration technique for the analysis of
actual piles.

Uto et. al. (1985): In this paper, a pile driving formula based on the solution of the wave
equation was proposed. Neglecting shaft friction, toe damping, and making other assumptions
concerning the displacement of the pile top and toe, the equation for the bearing capacity of the
pile was given by the equation

AE NPL

Ri = (S Kt 2K 0) F e, (19)
2e, er

or
AEK, NPL

Ra= et e e e e e e e e e e e e et ee e eae————————————————taaaaaaaaaaaaaaaaaaaaaaaannnanes (20)

Le, er



where e, = Correction Factor for Pile Type

S = Maximum Displacement of the Pile During Driving, m
Ks = Rebound of the Pile Toe, m

Ko = Rebound of the Pile Top, m

N = Average “N” Value for the Pile Shaft

P = Pile Surface Perimeter, m

L = Length of Pile, m

e, = Correction Factor, generally 2.5

K, = Rebound of the Pile During Driving, m

Although these equations certainly used the method of images as a starting point, it is
important to note that many "empirical" factors were taken into account to arrive at these
formulas. The second term in each equation is not based on wave mechanics but Meyerhof's
formulae for shaft friction. Also, since both maximum dynamic set and rebound are required,
these equations are best applied in the field for verification of pile and hammer performance.
Tada et. al. (1985) supplied additional theory to arrive at these equations and at the same time
applied this equation to a hydraulic impact hammer, where they achieved good correlation in
tests.

3. Fourier Series Solutions and Fourier Transformations

Fourier series solutions are those which utilize an infinite series of orthogonal eigenfunctions
to describe the motion and the stress on the pile. Fourier series are described in detail in Tolstov
(1962). More details on this subject are given in Petrovskii (1967), and a history of its derivation
is given by McCurdy (1993). Included in these solutions are those which use Fourier integrals,
Fourier transforms and inverse Fourier transforms.

a) Example of Fourier Series Solution - the Prescott-Laura Problem

When the wave equation is solved at its most elementary level, the method of Fourier series
is generally the first method to be used. However, because of the initial and boundary
conditions, Fourier series have only recently been applied to piling.

The procedure for elementary solutions of the wave equation using Fourier series can be
found in virtually any textbook on partial differential equations. Because of the use of this
technique in the solution proposed in this thesis, a case described by Prescott (1924) and
numerically analysed by Laura et. al. (1974) is analysed first. This case shows some of the
difficulties with more advanced problems and their solutions. The Maple V worksheet used for
this derivation is found in Appendix A.

The system considered is that shown in Figure 1. This system consists of a cable travelling at
a uniform velocity Vy and with a mass M attached at its length L. At time zero the top (x = 0) of
the cable is suddenly stopped; it is necessary to analyse the motion.
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Figure 1 Diagram for Prescott-Laura Problem

The governing equation is Equation (2). The boundary conditions are

H(O,8) = 0 oo (21)
and
— EAU(L,1) = M, (L,1) oo (22)

where M = Mass of Pile Hammer Ram or Cable End Mass, kg

The initial conditions are assumed to be Equation (4) and
u, (x,0)=g(x) = b e e st (23)
where V, = Initial Velocity of Pile Hammer Ram or Cable System, m/sec

Using the usual method of the separation of variables, the solution is assumed to be in the
form

u(x,t) = XX TUE) oottt (24)

where X(x) = Distance Function in Separation of Variables
7(¢) = Time Function in Separation of Variables

Substituting this into Equation (2), and separating the variables in the usual manner, the
solution for X(x) is

X(x) = C1eoS(B) + CoaSIN(BX) weiriiriiieieeie ettt ettt ettt et ae e (25)

where C1,C2,Cs...Cn = Constants or Fourier Coefficients
B.B,,B, = Constants or Eigenvalues

In order to meet the requirements of the boundary condition given in Equation (21),



The solution for the time function is

T(1) = C3C0S(Bct) + CaSIN(BEL) vttt (27)
Again to satisfy the requirements of the initial condition in Equation (4),

3 0 et h e h e et e e bt e e bt e e bt e e bt e e bt e e eabeeebeeeaateeaa (28)
The solution for the displacement is

u(x,1) = CosIN( ) SIN(BCL), Cr = C2C4 vttt (29)

Now the remaining initial condition and boundary condition are considered. First,
differentiating Equation (29),

1,(3,8) = BeCuSI(BI) COSBELY wvrrvrrrererereereeeeeeee e ses e (30)

Substituting t = 0, the initial velocity profile is a sine function. Since the initial velocity is
uniform, a Fourier series can be generated which when summed adds up to

u,(x,0)=Vo= ci BrCiSINBI) cveeeeeeeeeeeeeeeeeeeeee e (31)

where m,n = Indices for Fourier and Power Series

In view of the necessity of a Fourier series to represent the entire solution of the initial
conditions, such a series is also needed for the solution.

Turning to the boundary condition given in Equation (22), substituting Equation (29) into
Equation (22) and dividing out the Fourier coefficients,

- B.EA cos( ﬂL) sin( ﬂnct) =—B M sin( ﬂnL) sin( ﬂnct) .......................................................... (32)

and this solves to

sin( ﬂnL)
cos( ﬂnL)
This boundary condition introduces two complications. The first is that the values for B are

transcendental and can only be solved by successive solutions of Equation (33) over each
interval

1 EA
= tan(ﬂnL) = FM_Cz ............................................................................................... (33)

3 1
ﬁ(n—5)<[3nL<7r(n—5),n:1,2,3,...00 .............................................................................. (34)

This produces an infinite set of eigenfunctions.

The second and potentially more serious problem is that, for the Sturm-Liouville problem to
be guaranteed to be solved by a complete orthogonal set, the boundary conditions must be such
that, in this case,

Je100,0) 32 (0,) = 0 oo (35)

and



L(Lot) 4 L1t (L02) = 0 oot (36)

where ki, k2 = Coefficients for Pile Top, Both Not Equal to Zero
l,[> = Coefficients for Pile Toe, Both Not Equal to Zero

Because of Equation (22), there is no set of constants that satisfies Equation (36).
Therefore, in the course of determining the eigenvalues and eigenfunctions, combinations of
functions of B, and B, where n#m as well as n=m must be considered. This can be done while
determining values of C, for all terms of the series.

First, multiplying both sides of Equation (31) as follows,

oo

Vo sin( ﬁmx) = csin( ﬁmx)z BrCuSIN(BiX) .o (37)
n=1
Integrating both sides with respect to x (the right side termwise),
L L )
j Vo Sin(ﬂmX)dx = CJ Sin( ﬂmX)Z ﬂnCn Sin(ﬂnX)dx ..................................................................... (38)
0 0 n=1

Performing the integration on the right side, this results in

r = — Cnﬂn(ﬁn cos( ﬂnL) sin( ﬁmL) + msin( ﬂnL) cos( ﬂmL))

Vosin|Bax)dx =c ) —————————F o e, 39
_([ osin( Buox)dx cgg (B— (Bt B) (39)

Substituting Equation (33) for the resulting cosines,

L - CB(Bsinl BL)sin(BuL) - B sin( BL)sin(BuL)) 2
jVo sin( ﬁmx)dx = cz T s (40)
: (B2~ B
and this reduces to
j Vo sin( ﬂmx)dx =— Me” sin( ﬂmL)Ci G sin( ﬂnL) ................................................................ (41)
0 EA n=0

Now, recognizing that the summed term times the acoustic speed of the material is in fact the
initial velocity at x = L, given in Equation (23), and making the appropriate substitution,

Mc?

EA

jVo sin(ﬁnoc)dx =—Vo sin(ﬂm ),m ZE T ettt e ere e (42)
0

Now the case where m=n is considered. Making this substitution into Equation (37) and
integrating, the result is

cCn

5 (—cos(ﬂmL)sin(ﬂmL)+ mL) .................................................................. (43)

j Vo sin( ﬂmx)dx =

Substituting Equation (33) into Equation (43),



o PG| Mc? sin( ﬂmL) B
_([Vo s1n([3mx)dx == ( 7 F L LTI e (44)

Adding the two cases, the entire solution for the velocity integral is

L 5 s
[Vosin( puc)dx = <2< ( MesinlpoL) L] VoM G BL) e (45)
0

2 EA EA

Finally evaluating the integral on the left hand side,

—cos(ﬂmL)+1 cBnCn | Mc? sin(ﬁmL) Mc?
Vo{ 5, =7 ( A +L]—Vo A

Solving for C,, (now C,)) and simplifying using Equation (33),
2V

SIN(BAL) corvveeeeeeeeeveeeeeee e (46)

Cn o N/ N\ secesscevesscvsessvsccsvesscvossovssssvssessosastscssasecessssesisssesscssossessscvonacvons (47
cﬁn(cos(ﬁnL) sin(ﬁnL) + nL) )
The final, complete solution for the displacement for all time after zero is
—~ 2V osin( Bux) sin( Buct
ux,t)=3 S S ) e 48)

n=l cﬁn(cos(ﬁnL) sin(ﬁnL) + nL)
The velocity, strain and stress can be derived accordingly.

This problem was analysed to both demonstrate the possibility of obtaining a solution using
Fourier series without boundary conditions guaranteed to obtain a complete orthogonal set and
to show how transcendental eigenvalues can result from this kind of problem. Laura et. al.
(1974) analysed this result numerically and confirmed its convergence.

The critical point in the derivation takes place at Equation (42), where the result for n#m is
reduced to a simple expression. The simplicity is assisted by the fact that the velocity is uniform
along the entire cable or rod; thus, the velocity at x = L is the uniform velocity. It is interesting to
note that, if there was a velocity profile in the cable or rod such that the velocity was zero at t=0
and x = L, then this term would disappear entirely, and the solution would be in reality
orthogonal according to the definition.

b) Applications of Fourier Series to Piling

Following are descriptions of this type of solution for piles:

Wang (1988): This study solved the wave equation directly using the method of weighted
residuals. Using a plastic shaft resistance model, an elastic toe model, a uniform pile velocity at
zero time and initial displacement, and no initial compression of the pile, the response was
computed by the equation

- nrmct . (nmct)) . (nmx
u(x,t) = Z An cos + An2sin sin| —— |+ Awsx? + AnaX + AnS v, (49)
L L L

n=1

where  An1, An2, An3, Ana, Ans = Constants Based on Integration by Weighted Residuals



Wang went on to use this model not directly but as part of a finite difference scheme. This
enables him to overcome the greatest weakness of the model, namely the assumption of a
uniform pile velocity at impact, because in fact (assuming all velocity in the pile has gone to zero
from the previous blow) only the particles at the pile top have any velocity at the time of impact.

Espinoza (1991: This study attempted to bridge the gap between the analysis of driven piles
and other vibrating structures (which are usually analysed spectrally rather than in real time) by
first determining the displacement and force as a function of the spectral response of the system;
the equations are

_iknx—|— lte_ik“(ZL_X)

e
u(x,0)=F, T T s (50)
0
and
e—ik0x+lte—ik0(2L—x)
F(x,w)=F (51)

. T T
where FO,FO(t) = Force at Pile Top (x = 0), N

o = Frequency, rad/sec

i =4-1
k, = Coefficient Based on the Pile, Shaft Soil Dampening, and Shaft Soil Elasticity
A, = Coefficient Based on the Pile Toe Soil Dampening and Elasticity

A Fourier transform was applied to the top of the pile to transform the hammer impact force
into a spectrum of forces, and an inverse transform is necessary to obtain the force-time and
displacement-time histories of the cases studied. The model was compared with finite difference
and finite element techniques. The model was found to be most useful when pile displacements
were small, because the soil was modelled visco-elastically without consideration of plasticity.

4. Solutions using Laplace Transforms

Laplace transforms can be used to solve the wave equation, both damped and undamped,
although if a boundary is assumed at the toe the inverse transform can be very difficult.

Zhou and Liang (1996): This solution assumed an arbitrary force-time relationship at the pile
top, a fixed end at the pile toe and a Telegrapher’s form of the wave equation. The ultimate
result was an infinite series of convolution integrals; however, since reflections were eliminated
for the purposes of analysing the pile toe for 0 <t < 2L/c, the result was the semi-infinite pile
solution for the damped wave equation at the pile top.

5. Solutions for Vibratory Hammers

Although the main point of interest here is with impact hammers, vibratory hammers have
been the subject of serious investigation as well. The analysis of vibratory hammers has the
advantage of dealing with a forcing frequency and the steady state solution. In this case the
solution generally is in terms of only one frequency, which eliminates the infinite series.

Hejazi (1963): This work is an extensive analysis of the theoretical aspects of vibratory pile
driving. Part of this work consisted of the derivation of equations of an elastic rod, penetrating



the soil and subject to vibrations at the top. He divided the pile into two parts; the part
penetrating the soil and the part which is above the soil.

The steady state displacement for each of these parts is

t; = (G co8( Apx) Gy SIN(Ax) Je™ oo (52)

u, = (C3 cos(Azx) +C, sin(Azx))cos(th) ................................................................................ (53)

where u, = Displacement of the Pile Below the Soil Surface, m
u, = Displacement of the Pile Above the Soil Surface, m
A1, A2, B, B> = Coefficients Based on Physical Characteristics of System

The complexity of the solution led Hejazi to recommend using a rigid pile type solution for
vibratory pile driving.

Smart (1970): In his analysis of vibratory piles, he proposed a model with a sinusoidal force
at the top and viscous toe resistance (toe impedance) at the bottom. Using a d'Alembert type of
solution, the force at any time was given by the equation

Zi cos(w( Lc_ x) ) +iZ sin(w( Lc_ *) )

F=Fo ol T L) (54)
Z: oS +iZsin| —
c c

where Z = Pile Toe Impedance, N-sec/m

6. Observations on Existing Closed Form Solutions

In preparing the formulation of a closed form solution to analyze stress waves in piles, some
historical observations are in order.

® Most closed form solutions, especially those after Isaacs (1931) and Glanville et. al. (1938)
are not really comprehensive, i.e., they are not intended to be used for the prediction of pile
behaviour in its totality. They are designed to meet specific requirements. This is especially
true for semi-infinite pile solutions, although efforts have been made to broaden these as
well.

® The d'Alembert or method of images types of solutions are the most common but in most
cases they do not consider the shaft friction. This is a serious omission considering the
application of piles, although for offshore piles driven from the surface it may be more
useful. Also, the successive reflections from the boundaries can be very complicated.

® Fourier type solutions are relatively rare because of the infinite nature of the equations but
with the growth of computer capabilities they have more potential. In any case attempts to
derive formulae and methods by other methods produced equations that in practical terms
are little simpler than Fourier series.



® The constitutive modelling of the soils in closed form solutions has traditionally been
rudimentary. It is very likely that, to accurately model the soil in these solutions, a different
approach will have to be taken.

® Although the semi-infinite pile model seems to be a very special case, it is useful because it a)
allows the analysis of a very important part of the system using relatively simple equations
and b) and it gives a simple method of computing pile and hammer loads and stresses for a
wide variety of cases. It is interesting to note that much of the work on this model after
Parola (1970) has been primarily directed towards piles used in offshore platforms.
Especially for piles driven from the surface of the water, the force-time profile generated at
the top and the soil response at the bottom are essentially "decoupled" by the intervening
length of the pile, and so the semi-infinite pile model has its best application where the piles
are the longest.



III. PARAMETERS FOR A SUCCESSFUL CLOSED FORM
SOLUTION

A. Rationale for Closed Form Solutions

Perhaps the first question that needs to be answered is simply this — why is a closed form
solution of the wave equation for piles necessary?

Given the state of analysis techniques and the nature of the environment into which piles are
driven, it is unlikely that closed form solutions will ever displace numerical methods in toto.
Numerical methods are most capable in modelling the discontinuities and non-linearities
(especially in the soil response) that are inherent in pile-hammer-soil systems.

These capabilities, unfortunately, have masked many of the shortcomings which are inherent
in numerical methods, such as numerical instability, loss of accuracy due to the dividing up the
system into finite sized units, and inadequate modelling of system elements, which is more easily
"buried in the code" of a numerical technique than in a closed form solution.

In most cases, developers of numerical techniques for other applications (stress analysis, heat
transfer, etc.) have had the benefit of closed form solutions to check their modelling for at least
the simplest cases. However, in the case of piles the complexity of the solution encouraged the
practitioners to develop numerical methods without recourse to closed form solutions, even
though solutions that existed at the beginning of the development of numerical methods were no
more difficult to convert to code than the numerical methods themselves.

Based on this and other considerations, there are several useful applications for these
solutions; they are as follows:

1) Parametric Studies: Although finite difference programs can be used for parametric
studies (Meseck, 1985,) most finite difference codes are not designed to be used parametrically,
but on a "job to job" basis. Furthermore, any trends to be derived from these are either strictly
qualitative in nature or reduced from numerical analysis, a technique more suitable for empirical
data. Parametric studies are useful for such tasks as equipment design and general pile
specifications.

2) Verification of Numerical Methods: In spite of the popularity of numerical methods, it has
been shown that there are computational difficulties associated with them (van Weele and Kay,
1984; Davis and Phelan, 1988). Closed form solutions are a valuable tool in the evaluation of
numerical methods for such difficulties, as illustrated by Deeks (1992). Deeks' dissertation is
probably the most comprehensive comparison to date of closed form solution to numerical
methods.

3) Advances in Computer Software: One of the major reasons that closed form solutions
were pursued in the first place was to reduce the computations involved for pile loads and
stresses using stress-wave analysis to a manageable level. The complexities of the problem,
however, have made that goal unrealised, even though the programming requirements of closed
form solutions are not excessive by modern standards. With the advance of mathematical
software, however, the potential exists of generating a solution to this problem in closed form
without recourse to specialized software.



B. Description of the Physical System

The rationale for the closed form solution having been described, the next step is to
determine the requirements for a successful closed form solution.

Consider the pile/hammer/soil system described in Figure 2.
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Figure 2 Hammer-Pile-Soil System

1. Hammer

The hammer is considered to be a concentrated mass which contacts the hammer cushion at
t=0 with velocity V. The cushion is considered to be linear; the cushion can have material

damping that can be modelled as a viscous damper. It is the cushion that allows the hammer to
be modelled as a concentrated mass; if the cushion is removed, or there is an anvil between
hammer and cushion, or the ram is long, then the ram's distributed mass and elasticity must be
taken into account. The hammer cushion sits atop the driving accessory, which adapts the
hammer and cushion to the pile. Because it is generally short and rigid relative to the cushion
and pile it is modelled as a concentrated mass. The force generated by the contact of ram and
cushion travels downward into the pile. If diesel hammers are being analysed, the explosive
force of the combustion must also be taken into account.

2. Pile

The pile is assumed to be made of a homogeneous, isotropic material. Its cross section is
assumed to be sufficiently small relative to its length so that radial and tangential effects are
negligible and the pile can thus be modelled in one dimension. Material damping in the pile is
considered negligible, especially when considered relative to the soil. (With numerical methods,
material damping is added to the system for numerical stability, not to model the material itself.)



Although piling can be variable in length, cross-sectional area and material, piles analysed in this
thesis were of uniform cross section and material, and also had a uniform relationship between
the cross sectional area and the perimeter of the pile.

3. Soil

Modelling of soils for pile analysis can be done in one of two ways. The first is what can be
called "whole soil modelling," i.e. modelling a large mass of the soil around the pile. This is
generally done in conjunction with finite element analyses. In many cases the soil is assumed to
be an isotropic, homogeneous mass, although plasticity can be included if the finite element
code allows it. Such modelling is described by Whittle (1993), although the dynamics of pile
penetration are different. Although formally this is a more satisfactory method of modelling the
soil, it involves some complications that generally put it out of reach of closed form solution
(Deeks, 1992). The other technique is to model the soil response — both along the pile shaft and
at the top — by a visco-elastic model. The viscous part largely models radiation to the soil mass
(Randolph and Simons, 1986), and the elastic portion models the elastic component of the soil
resistance. Depending upon the model and the location of the soil resistance, one or both of
these can be limited by the static resistance of the pile. Inertial effects can also be added to the
soil model as well. This model is most commonly used with the finite difference techniques such
as the Smith model and its progeny, and is used for this study.

C. Construction of the Differential Equation
1. Basic Considerations

In order to solve any ordinary or partial differential equation, three things must be defined: a)
the differential equation itself, b) boundary conditions, and c) initial conditions. The various
elements of the physical system can be associated with the elements of the mathematical system
as follows:

Mathematical System Physical System

Differential Equation Pile Response

Soil Response along Pile Shaft
Boundary Conditions Hammer Model

Soil Response at Pile Toe
Initial Conditions Initial Ram Velocity

Initial Pile Velocity

Initial deflection of all members

2. Differential Equation
a) Formulation of the Differential Equation

The differential equation itself principally models both the pile response and the shaft soil
response to the driving impulse. If Equation (2) is used as it stands, only the response of the pile
is modelled without the interaction of the pile length with the soil. However, with actual piles the



amount of elasticity and dampening along the pile shaft varies along the length of the pile. With
finite difference codes this has been shown not to be as significant as it would seem at first
glance (Meseck, 1985). Therefore, for the purposes of this analysis, the following quantities are
assumed to be constant for the entire pile length:

1) Pile material, i.e., density, Young's modulus, and acoustic speed of the material..

N

Pile geometry, i.e. cross-sectional area and perimeter.

w

)
) Soil elastic constant.
)

N

Soil viscous/radiation dampening constant.

To include the effects of (3) and (4), the wave equation for piling should be rewritten as

czuxx(x,t): u,,(x,t)+2bu, (3, 8)HF QUXT) oo, (55)

where a = Pile Shaft Elasticity Constant, 1/sec?
b = Pile Shaft Dampening constant, 1/sec

This is the so-called transmission line or Telegrapher's equation. Considering this equation
as an equation of motion, the left hand term represents the acceleration of a differential mass at
a point x which lies between the pile top (x = 0) and its toe (x = L). Since the units are those of
acceleration, the differential mass has been divided out of the left side and distributed as a
denominator on the right. This differential mass is assumed to be

where Am = Differential Mass, kg
Ax = Differential Distance, m

The terms on the right represent the response of the various physical elements of the system.
The first term (czu(x,t)xx) represents the distributed elasticity and inertia of the system. The

coefficient can be expressed as

This of course represents the ratio of the elasticity of the system (represented by EA) to the
inertia of the system (represented by m/Ax).

The second term represents the viscous resistance of the soil. The resisting force of the
viscosity per unit mass is given by the equation

Fo uPAx
Sl e (58)
Am  pAAx

where F, = Viscous Resisting Force of the Soil, N
u = Shaft Soil Dampening Coefficient per Unit Area, N-sec/m3

The geometry ratio is now defined as

A



where r, = Geometry Ratio of Pile

Substituting this and solving for b,

In like fashion the constant a can be determined. Again the resisting force of the soil
elasticity is given by the equation

Fe  kPAx
P = pA—Ax U eeiieee e e e e e e e e e e e e e e e e e e eaaeeeeaaa——a——————————aaaaaataeaaaaaaaannnnes (61)
where F, = Soil Elastic Resisting Force, N
k = Soil Shaft Spring or Elastic Constant per Unit Area, N/m3
Solving for a,

k

a= ) \/A_rg ........................................................................................................................... (62)

Substituting these into the main equation,

c’u, (x t) x t x t i (x,t) ............................................................ (63)
PJ_ par,”

This is the Telegrapher's Equation as applied to piles. This soil model is linear; it does not
take into account soil plasticity.

b) Computation of Shaft Parameters from Soil Properties

Now that the basic equation is defined, it is necessary to relate these to actual soil conditions.
Failure to do so may occasion the consideration of cases which, although mathematically
possible, are not in reality cases which are realistic for piles.

When Smith (1960) first considered the problem, he assumed a visco-elastic soil model
where the values for soil elasticity and dampening were in reality functions of a) the pile
resistance and b) the elastic limit (the quake) of the pile. Generally speaking this is not the case
with engineering materials; however, this model, with the numerous refinements that have been
done over the years, has served the science of the analysis of piles during driving reasonably well.

More recent investigations have shown that a) it is possible to relate the properties of the soil
to its basic properties, and b) most of the “dampening” is in reality radiation dampening and not
viscous dampening, the effect of the soil distributed mass and elasticity.

Investigation of the nature of soil response is beyond the scope of this thesis. Based on the
work of Randolph and Simons (1986) and Corté and Lepert (1986), the soil elasticity and
dampening along the shaft can be computed by the equations

r
k=nG =
TGy y



and

/.l = Gsp.r ............................................................................................................................. (65)

where G, = Soil Shear Modulus of Elasticity, Pa
p, = Soil Density, kg/m3

The original sources cited these values per unit length of the pile; since they were derived
from circular piles, it was only necessary to divide these values by the circumference of a circle to
obtain values per unit surface area of the pile.

For simplicity’s sake, the variables a and b are used in many of the derivations; therefore,
inserting Equations (64) and (65) into (62) and (60) respectively,

_ (66
a= A )
and

G.YpY
Arg
b= D (67)

It should be evident that other methods of computation can be employed as well.

3. Boundary Conditions

The shaft conditions having been dealt with in the differential equation itself, the boundaries
that need to be dealt with are at the ends. From a mathematical standpoint, no single factor
makes this problem more unique or difficult than its boundary conditions.

a) Pile Top (x = 0)

The pile hammer itself rests on the top of the pile and imparts both energy and impulse to
the pile. There are two methods presently employed to model the hammer.

The first is to model the hammer system discretely. In simple terms, this means to input the
parameters of the system, set the initial velocity of the ram to its impact velocity and the other
elements, and then analyse the model. This is the method used with most of the finite difference
schemes and some of the others as well.

The second is to assume that the force time history of the pile top is already solved and apply
this to the pile top. This is possible when this history is taken from field data. In the case where
this history is not known from such data, the best solution is to use semi-infinite pile theory, such
as Deeks (1992). This eliminates the need to model both a discrete and a continuous system in
the same model, which would greatly increase the complexity.

To use any force-time history derived from semi-infinite pile considerations, there are several
items that need to be set forth right from the start:



e Because of reflections, semi-infinite pile theory is invalid at the pile top for times t > 2L/c.
Although this gives a great deal of flexibility in practical application, it is something that
cannot be ignored.

e In the case of piles which respond in accordance with Equation (55), there are reflections
before t = 2L/c (Van Koten et. al.,, 1980). Force-time histories such as those of Deeks
(1992) are strictly speaking not valid. This adds greatly to the complexity of the solution.

e The interface between the hammer and cushion, and the cushion and pile cap, and the pile
cap and pile, are in most impact hammer systems inextensible. Unlike vibratory hammer
systems, where there is alternating tension and compression in the pile top, there is no
tension at the pile top with an impact hammer, neither can there be tension in the cushion
or ram-pile cap interface. Present closed form semi-infinite pile solutions do not explicitly
take this into account, although they can be “stopped” when any separation takes place. In
this respect numerical solutions such as Warrington (1987) are at an advantage.

In spite of these limitations, in this thesis semi-infinite pile solutions of the undamped wave
equation is used extensively either as the pile top force or to assist in determining possible
alternative, simplified force-time relationships. For values of time in the analysis where force-
time curves cannot be applied, the pile top is assumed to be a free end. The reason for this last
point is as much convenience as anything else; also, if one were to, say, model the pile with the
pile cap mass at the top, then the possibility of tension at the pile top would once again take
place.

There are two ways to mathematically implement this formulation of the pile top conditions.
The first would be to take the velocity-time results of semi-infinite pile theory and, multiplying the
velocity by the pile impedance, to equate the force to the elastic force of the pile top, i.e.,

— EAU(0,2) = Z11,(0,) evoveeeeeeeeeeeeeeee e (68)

which is a restatement of Equation (13). In this case the , (O,t) is a given function rather than a
result.

The other solution is to essentially integrate the velocity to the displacement-time function
and apply this directly as a boundary condition, i.e., to apply Equation (6).

In using either of these, it is important to keep in mind that, if tension is indicated at any
time, a method must be employed to minimize or eliminate this tension in the force-time
function of the pile top. Also, in the case of Equation (6), the system must be released from this
condition no later than t > 2L /¢, otherwise the pile set would not exceed its elastic compression,
a condition that is both theoretically possible and achieved routinely in pile driving.

When the hammer force is removed, the condition of the pile top becomes

b) Pile Toe (x = L)

Generally speaking, impact pile driving produces a compressive force pulse which is
transmitted down the pile. If the toe is assumed to be a free end, then the toe reflects a tension



wave. If the toe is fixed, then the toe reflects a compression wave (Holloway, 1975). Use of
either of these toe models would simplify the analysis of this problem.

Unfortunately, the actual response of the toe is somewhere between these two simplified
models, and thus it is general practice to use a visco-elastic soil model at the pile toe, as is the
case with the shaft. This is where the similarity ends; because of the difference in the interaction
between the pile and the soil from shaft to toe, the implementation of this model is likewise
different.

(1) Basic Model Equation and the Lysmer Analogue

For a visco-elastic pile toe without a discrete mass, the boundary equation is
— EAu (L,1) = kAat( L, 1) 4 LA (Ly1) oo (70)

where A4, = Pile Toe Area, m?
k, = Soil Toe Spring or Elastic Constant per Unit Area, N/m?3
U, = Soil Toe Dampening Constant per Unit Area, N-sec/m3

It is important to note that the toe area A; is defined differently than the cross-sectional area
of the pile because in some cases (such as with closed ended pipe pile) the toe area is in fact
different than the shaft cross-sectional area.

As was the case with the pile shaft, Smith (1960) formulated the dampening and spring
constants empirically. Although these have been used extensively, they have no relationship with
the basic soil properties. Since the soil’s mechanical properties would be expected to influence
their response to excitation, some kind of correlation and corresponding mathematical model is
natural.

Pile toe properties are difficult to quantify by themselves; however, the analogous problem of
a vibrating footing on the surface of an axisymmetric semi-infinite mass of soil has received
considerable attention. Since the pile toe is in fact radiating energy into a similar semi-infinite
mass, it has been assumed that the two problems are similar.

One of the simplest approaches to modelling the interaction of a vibrating footing is to
assume that only a certain mass of the soil actually vibrates with the footing. This approach is
both assumed and experimentally verified by Perry (1963). If this were applied to the pile toe,
the solution would be similar to the Prescott-Laura problem, which would be a relatively simple
solution. The weakness of this approach is that the soil, being a non-reflective medium,
dissipates energy, irrespective of whether soil plasticity is taken into effect or not. Experimental
verification by use of a laboratory soil tank(as was done by Perry) may or may not discern this
because reflections from the wall of the soil tank may retain energy within the system. Since
mass (like a spring) is an energy conservative element (as opposed to the dissipative effects of
viscosity) the use of mass would not model any energy dissipative effects. It is beyond the scope
of this thesis to go back and analyze this in detail, even though a very simple model of pile toe
soil response may result.

This entire matter of soil response to the vibration of a circular footing was taken up by
Lysmer (1965). He considered two types of vibration modes; high and low frequency. What
separated the two was the size of the footing relative to the wavelength propagated in the soil. If



the footing was large enough, the pressure distribution of the soil under the footing was a
function (expressed by the cylinder functions) of the distance from the centre of the footing.

However, since pile toes are in reality small footings (even if the pile toe diameter is 1 metre),
only the low frequency case need be applied to pile toe response. In this case the pile toe is
much smaller and the pressure distribution under the footing is close to the pressure distribution
for the static case. This results in a much simpler distribution function. Using results from
earlier analyses of an elastic semi-infinite half space, Lysmer was able to propose a simplified
response analogue of the soil to the vibrating footing. His proposal was based on the following
observation:

The practical application of the above theory has shown that only limited
agreement can be achieved between observed and calculated amplitudes. This is
mainly due to discrepancies between the theoretical half-space model and an
actual footing-soil system, the soil phase of which is generally nonlinear,
inhomogeneous and imperfectly described. The mathematical difficulties involved
in the strict use of the half-space model are therefore hardly justified, and even
crude approximations can be introduced in practical calculations, without
reducing the reliability of the calculated response. In particular, we can attempt to
replace the half-space system with a simple damped oscillator with similar
dynamic properties. (Lysmer (1965), p. 42)

His application of this idea resulted in Lysmer’s Analogue, which reduced the response of
the half-space (as shown in Figure 3) to a spring-dampener combination.

0

Figure 3 Oscillating Plate on Infinite Half-Space (after Holeyman (1988))

Using this, the dampening 1,4, and spring constant k, 4, in Equation (70) are given as
(Lysmer, 1965; Holeyman, 1988)

. 3.47’121l psGs
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where r, = Pile Toe Radius, m
v = Poisson’s Ratio of Soil



Substituting into Equation (70),

stt 3.4 12 .S‘G.S‘
—EAuX(L,t):T(_;—:u(L,tH% P Lot) (73)

(2) Modification of Model to Eliminate Time Derivative

One of the objectives of this thesis is to produce a model that is “reasonably simple” in its
formulation, although the simplicity of, the undamped string with fixed ends cannot be expected.

The existence of a first time derivative in a boundary condition is a virtual guarantee that
difficulties arise in the formulation of the boundary condition, to say nothing of the orthogonality
of the problem. This is because the inclusion of the first time derivative complicates the
formulation of the eigenfunctions and can in some cases make them impossible. Is there a
solution to this problem that can be justified from the conditions of the problem itself?

To confirm the validity of Lysmer’s Analogue, Holeyman (1985, 1988) modelled an
equivalent solid below the pile toe as shown in Figure 4.

G
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Figure 4 Schematic of Soil Model under Pile Toe (after Holeyman (1988))

The truncated cone is of an indeterminate height H and the radius of the cone is a linear
function of the depth z below the pile toe. Holeyman (1988) shows that this radius is given by
the equation

I-v

rz)=n +mz .................................................................................................................. (74)

where 7(z) = Radius of Soil Mass Below Pile Toe, m
z = Distance Below Pile Toe, m



The response from this equivalent solid was very close to Lysmer’s Analogue.

Inside the truncated cone is assumed to be a homogeneous, isotropic, and elastic mass of
soil. As the toe is excited by the arrival of the stress wave from above, stress waves are
propagated in compression downward. If the height of the cone is assumed to be sufficiently
large so as not to suffer reflections from the base of the cone back to the pile toe, then this
system is effectively another semi-infinite bar below the pile toe.

If with the semi-infinite bar the strain at the pile top can be transformed to the velocity, the
reverse transformation at the pile toe can be performed with the new “pile” below the toe. This
in effect adds another section to the pile, only semi-infinitely as a boundary rather than as a
continuous rod.

To see how this might work out with Equation (71), consider the acoustic speed of the soil
for compressive waves, which is

Ps

where ¢ = Acoustic Speed of the Soil, m/sec

which is analogous to Equation (3). Modifying Equation (12) from semi-infinite pile theory,

1 1
uX(L,t):—u,(L,t);:—u,(L,t) T (76)
P

or, rearranging,

\/%uX(L,t): 2 (L3 1) oo (77)

In this model the Young’s modulus is given (Holeyman, 1988) by the equation
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where E; = Soil Young’'s Modulus of Elasticity, Pa

Substituting this into Equation (77),
1 Gs
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Multiplying both sides by the right hand side of Equation (71), this vields

3412 DGy 3412 (DG :
SANPO ()= 2RO /Ogspux(L,t) ...................................................... (80)
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and reduces to
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If the pile toe is assumed to be circular (which is the basis for this theory, as was the case with
the shaft) and substitute A; for the area of a circle, and solve Equation (78) for G, and substitute,

3.47’121 / psG.r

o U (L) 2 —E At (L) oo (82)

For use later the approximation sign is treated as an equality. It is interesting to note that
Lysmer (1965) formulated his analogue without direct recourse to semi-infinite pile theory.

This is an important result; it indicates (but does not necessarily prove) that the soil under the
pile toe is in fact a semi-infinite “pile” with special conditions. One of those is a surrounding
body of soil. If this were not the case then the elastic portion of the dynamic toe reaction could
be ignored, but the surrounding soil offers elastic resistance to the pile toe movement in addition
to the distributed mass and elasticity of the soil under the pile toe.

Another of these conditions is that, when u(L,?) and its derivatives are discussed, the
coordinate system for the pile is being used; for the soil, z= 0 when x = L.

Substituting Equation (82) into Equation (73),
AGsry

— EAu (L,t) = . U(Ly1) = EsAt (L) oo, (83)
Or rearranging,

4Gt
(EAi— EA)u(L,1) = f: U ) DO (84)

which is used in the general case for the boundary condition of the toe. Two items must be
noted here:

1. With the time dependent elements removed, the boundary condition in this form satisfies the
requirements of Equation (36) for orthogonality.

2. The toe is inextensible as the top is; however, given the nature of the problem, the need to
consider such an event (except for very elastic soils) is not as great as it is with the pile top.

(3) Discussion of the Simplification

Even without application of the results to the solution of the differential equation, the
boundary condition has been considerably simplified. Yet virtually all of the models of this
system, both closed form and numerical, persist in using the time derivative rather than the
distance one.

First it is important to state that there is additional work to be done with soil modelling, either
in a one-dimensional simplification or in a model where the soil is modelled as a mass.
Although this simplification can be done with different soil models and even empirical ones, the
results may not be as “neat” as they are here.



To get back to the derivative question, most physical systems of this type are either discrete
or distributed. Discrete systems are made up of (or at least can be modelled as) components
with varying characteristics; in linear systems at least, the response of the system is basically the
sum of the characteristics of the components and whatever initial conditions and/or forcing
functions are applied to the system. There are no explicit “boundary conditions” because the
system’s boundary can be expressed by the characteristics of the components themselves.

Distributed systems have properties which are spread about through the system; they thus
have boundaries with boundary conditions. The various parameters can vary from one part of
the system to another, but the system is continuous to some degree.

Generally speaking, discrete systems are simpler to conceptualise than distributed ones,
especially if they are of a low degree of freedom. Their solutions are generally obtained with
ordinary differential equations, as opposed to the partial differential equations of distributed
systems. The complexity of the latter has led to the conversion of distributed systems to discrete
ones through the use of numerical methods.

With a system such as a pile, the mass can be concentrated at nodes or segments and these
masses are connected with springs, as is the case with finite difference methods. The wave
equation is then solved using the appropriate numerical integration technique. This is still an
approximation because the mass and elasticity are in fact mutually distributed. With finite
element techniques this is refined through the use of shape functions, which can better
approximate the changes in stress and strain in an area of the system; the accuracy of the
solution can be very dependent upon the level of realism of the shape functions relative to the
actual response of the system.

In any case, strictly speaking the concept of strain with discrete mechanical systems is
meaningless, because the springs in the system deflect and the force is computed according to
Hooke’s law. Velocity, though, is a quantity which is a direct product of the numerical
integration and can be calculated at any mass point or node in the system. Furthermore external
forces (such as soil resistance) can be computed from node velocity, thus making them possible
to include in the model.

With a truly distributed system, strain is not only possible to compute, it is a fundamental
property of the system. Thus strain related effects can be considered, and such effects can include
soil response if the physical characteristics of the system justify such an inclusion. This is an
advantage of this kind of solution over the numerical solutions.

Finally, it is noteworthy that strain becomes important again when piles are instrumented,
generally with strain gages and accelerometers at the pile top.

4. Initial Conditions

Most pile models start with both displacement and velocity at zero; this is expressed in
Equations (4) and (5). This type of initial condition does not take into account any residual
stress considerations in the pile after the previous blow. It also does not consider the possibility
that the pile may still be in motion; as a practical matter, this is only possible with a hammer with
a very fast blow rate or a pile with a very long period.

Although these conditions look very simple, if one wants to use a method such as Fourier
series these can pose a serious problem. As with the semi-infinite pile, Laplace transforms are



better equipped to handle initial conditions such as this. This fact is used in the development of
the basic solution technique which follows.



IV. PROPOSAL OF CLOSED FORM SOLUTION BY APPLICATION
TO THE UNDAMPED CASE

The fundamentals of the problem established, a proposal and implementation of a solution
follows. Because the actual solution of the problem is somewhat “situation specific,” i.e. it is
variable depending upon how the problem is formulated even with the limitations of the
parameters shown above, a relatively simple system is used to both prove and demonstrate the
method.

A. Outline of the Solution
1. Basic Solution Method

The basic solution method proposed in this thesis is as follows:

1. Determine the force-time or displacement-time history of the hammer at the pile top, either
using semi-infinite pile theory or actual field data.

2. Using Laplace transforms, solve the wave equation for the semi-infinite pile case. This is the
solution fort < L/c.

3. Compute the displacement and velocity functions as a function of distance at t = L/c. These
become the initial conditions for the remainder of the problem.

4. Using the boundary conditions, compute the eigenvalues and eigenfunctions for the Fourier
series. The pile top is assumed to be a free end in this case.

5. Using the displacement and velocity functions at t = L/c, compute the Fourier coefficients.
This Fourier series is the solution for t > L/c.

As stated, this procedure assumes the transition point to be fixed at t = L/c. However, if the
impulse force of the hammer system ends before this time, it is most advantageous to make the
turnover point at the time when the impulse force becomes zero, or tension begins to develop in
the pile top. This is demonstrated in the damped case.

2. Assumptions for the Solution

The following assumptions are made:

1. The solution must be reasonably simple; the solution must not require integration or other
transformation once it is formulated.

2. The system is a linear system. No plasticity is taken into account in this system.

All properties between the boundaries are uniform. These include pile area and material,
dampening, soil spring constant.

4. The soil below the pile toe can be modelled as a semi-infinite pile (see above), thus
eliminating the first time derivative of the dampening portion.

5. Extensibility considerations of the pile top and toe are not significant. The validity of this
assumption is dependent upon how the pile top force is formulated.



6. The force of the hammer is substantially finished before t = L/c. The use of semi-infinite pile
techniques to generate the pile top force allows t<2L/c, but ¢> L/c is necessitated by the
solution technique. However, it can be used to deal with the extensibility problem. This
solution favours long piles relative to the hammer blow duration.

3. Mathematical Parameters of the Solution Example
The solution example is that of the undamped case with no pile cap; this is diagrammed in

Figure 5. This simplified system was studied extensively in the early years of the wave equation
for piles, and is featured in Isaacs (1931) and Glanville et. al. (1938).

Ram Mass M ‘VO M tVO—vx,
Hammer Cushion K K
(Elastic)
_‘V x‘
zZ
SemiLiryimite
Model for
Pile: Pile Top Force
Uniform Cross Sectional Area
Uniform Density and Elasticity
Zero Initial Velocity, Displacement
ki Pile Toe Spring
(Flastic)
Figure 5 Simplified, Undamped Pile Model

Governing Equation: Equation (2), the undamped wave equation, is the governing equation.

Initial Conditions: The initial conditions are

U(,0) = F1(3) Z 0 oo (85)
and
u, (x,O) S G(0) S0 ottt (86)

At t = L/c, there is an intermediate initial condition for the Fourier series.

Boundary Conditions: At the pile toe, the boundary condition contains only the elasticity of
the spring. This is expressed as

— Edu(L,{)= 1&”

U(LLE) oo (87)



which is of course a modification of Equation (73). For simplicity’s sake the following
substitution is defined

A4Gsr

Bt = o e (88)
1-v

and also

ZC T EA oo (89)

from Equation (15). Substituting both of these yields
— ZCU (L) = RAU(LLE) oo (90)
B. Solution of the Problem

1. Equation of Motion for the Pile Top

The equation of motion for the pile top, which in turn is the boundary condition for 0 <t <
L/c, is determined using semi-infinite pile theory. The procedure is discussed in Deeks (1992);
however, the solution proposed here varies from this in that a) the ultimate objective is the
displacement-time history, and b) the notation is different.

The hammer system presented here has a ram with initial velocity Vo and mass M, and a
cushion spring between the ram and the pile top of stiffness K. There is no pile cap mass
considered.

The hammer impedance is defined (Warrington, 1987) as

where Z, = Pile Hammer Impedance, N-sec/m

K = Cushion Material Spring Constant, N/m
M = Mass of Ram, kg

The pile impedance is known from Equation (15). The impedance ratio can be then defined
as

where Z' = Pile-Hammer Impedance Ratio

Using this notation, the equations of motion for this system are

M3, 4 K (30— 20) =0 ettt s ettt nenas 93)
and
70, = K (X = X0) =0 cueeteieteeeiet ettt ettt n ettt n s e (94)

where x, = Ram Displacement, m
x, = Pile Top Displacement, m



This results in a homogeneous system of ordinary differential equations. According to
Rabenstein (1972), such systems of equations can be directly solved by methods similar to those
used in linear algebra. Such methods, however, are more straightforward with first order
equations then higher order ones, because it is necessary to use substitute equivalent systems to
maintain the linear solution technique. To simplify the solution of the second order system such
as is presented here, Laplace transforms were used. This method is also described in Rabenstein
(1972).

Substituting Equations (91) and (92), taking the Laplace transform of each differential
equation and applying the initial conditions of the hammer system, the Laplace transforms are

Zz(i'c(xr)—i‘/()a))

M (Z(x)s2 Vo) + e 20 e (95)
and
IM < (x)s — Z(Zx) - (x) O oo, (96)

If these are equated and solved for the Laplace transform of the pile top motion,

MV,

S (x) = Xds) = s((Z' M)2s2+ZMs+Z2)

where X(s) = Laplace Transform of Pile Top Displacement

To perform the inverse transform, the method of Starkey (1954) is employed, which involves
the use of complex integration. For meromorphic functions, the inverse Laplace transform of a
function is given by the equation

Xi= Z RESTXI(51) €7 } oottt e ettt e ettt (98)

n=1

To solve this equation first a) the poles of Equation (97) and b) the residues at each pole
were determined; the sum of these residues was multiplied in each case by the exponential term.
The poles of Equation (97) are

_—ZM+(ZM) -4 MZ'Z)’
S2,3 - 2( MZ')2

If the general form of the residue for Equation (97) is taken, then substituted into Equation
(98) with the poles, then summed, solved and the exponential terms converted to hyperbolic
functions,



Vo
274477 -1)

Xt =

N Vo
274477 -1)

N Vo
274477 -1)

((_ ZM(4Z'21)\/(ZM)2(4Z'21)))cosh[(ZM+\/(ZM) (47" 1))t]

2AA Mz’

0 ) S ZM +(ZM)* (42" 1) )t
+%((ZM(4Z' —1)+\/(ZM) (47 1)))00811[( 2(MZ')2 ) ]
VoM
2 (101)

Removing the real exponentials, converting the hyperbolic functions to circular ones and
simplifying further, this yields

[ ZNJ4z7 -1t
voM VoM .|\ 2MZ” 24771t
0 0 t -
= ——2Mz? + el 1 S USROS 102
Xt Z Z \/42'2 — 1 COS( 2MZ'2 } ( )
The following now needs to be observed:
. MV
}Lrgx, e (103)

This limit is the maximum elastic compression of the pile from the impact, without
consideration of intermediate losses between the ram and the pile.

There are repetitious quantities in these equations. To simplify these equations the
quantities

Z (104)
Ol T
and
B = A RSOOSR U R USROS USRRRO (105)

where «, = Pile Top Consolidation Variable, 1/sec
B, = Pile Top Consolidation Variable

can be defined. Equation (102) then simplifies to

X, = MZV" (1 —e (%+ cos(aoﬁot)n ...................................................................... (106)




This is the solution for the displacement at the pile top. Although the sine and cosine
functions can be combined through the use of a phase angle, there is no advantage in doing so,
since these functions are used in integration to obtain Fourier coefficients.

In this form, the Laplace transform of the equation is

, MV 0 Bo’ +1
S (x) = Xds) =——5——— (/302 )2 ......................................................................... (107)
Zs(s +200,5+ 0 ([30 + 1))
2. Laplace Transform for the Pile (Semi-Infinite Case)

The displacement-time history of the pile top having been determined, this can now be
extended this downward in time in the pile itself. This is accomplished using a semi-infinite pile
based technique. This decision needs to be discussed in detail.

a) Rationale for Semi-Infinite Pile Solution and Time Divided Solution

A great deal of time has been spent discussing semi-infinite pile theory. There is one
problem here, namely that no pile is really semi-infinite, but has a length L in all cases. The
reflections from this end are significant. This is a serious discussion because there exist solutions
other than numerical solutions (Espinoza, 1991; Starkey, 1954; Zhou and Liang, 1996) where
the pile (or electrical transmission line in Starkey’s case) has ends and where both the end
conditions are accounted for in the solution.

Espinoza (1991) uses a Fourier transform and spectral analysis; to invert the transformation
to solution, he notes the following:

It is noted that to obtain the force and displacementtime history at any
specified location a Fourier inverse transform must be applied. Analytical
solution of the inverse transform, even for the simplest forcing function, is not
possible to obtain; thus a numerical inversion has to be performed.

Although his solution is in principle a closed form solution, is relies on a numerical method
for completion. The objective of this thesis is to produce a true closed form solution, not only
for historical reasons but also to make the intermediate discoveries that working with closed
form solutions do. Therefore the use of this solution is not within the scope of this thesis.

In Starkey’s case, he considers the solution of a balanced transmission line with a constant
voltage applied at one end and an open circuit at the other. In spite of these idealized
conditions, the solution is involved, and at the same time includes an infinite series similar to a
Fourier series. Moreover he consolidates the exponential terms into hyperbolic functions, which
obscure the inevitable Heaviside step functions (which do not appear in his solution.) Were
these to be considered, there would be Heaviside step functions in every term, which complicates
the summation of the terms. This in fact the result of Zhou and Liang (1996); although a
comprehensive closed form solution was not their ultimate objective, their reduction to a semi-
infinite solution is indicative of the difficulties associated with a pure Laplace transform solution
of a pile with finite boundaries.

Since an infinite series results in any case, it seems simpler to use Fourier series, which
would automatically take into consideration the reflections of the ends without resorting to the



Heaviside step functions. The main weakness to these is the difficulty with the initial conditions;
however, since the reflections from the pile toe are of no effect in the time period 0 <t<L/c, a
Laplace transform of the semi-infinite case can be used to solve the problem until t = L/c. The
displacement and velocity at this time can then be used as initial conditions for the rest of the
problem. The only changes necessary in the Fourier series are as follows:

a) A new time reference frame is established for the Fourier series. To generate the series the
time is assumed equal to zero at t = L/c. The time t = O for the Fourier series can be
adjusted to be the impact time with a change in variable.

b) The pile top boundary condition is changed from the displacement just computed to
Equation (69).

The main weakness of this composite method is that the hammer blow must be substantially
complete by the time the wavefront of the stress wave reaches the pile toe. This is attainable in a
large number of conditions, although it favours longer piles. Also, it allows an opportunity to
“stop” a closed form solution for the hammer blow at the pile top, since many of these solutions
produce tension in the pile top after the initial peak force.

b) Laplace Transform Solution for t <L/c
Although the equations from the previous section can be taken and the solution can be

derived in full, the solution to this problem was presented earlier for the general pile toe
displacement case with the undamped rod. Equating

flt)=x= MZVO (1—e_a°'(%+cos(aoﬁot)n ......................................................... (108)

the solution for the displacement in the rod can be readily determined from Equation (9), which
was derived using Laplace transforms (Kreyszig, 1993). The solution is

ulx.) = % e of-2] Sin(mﬂo[t _ iD + cos(aoﬂo[t - %D H(t - %),0 ci<t o

Bo

The velocity in the rod is given by

X

MVo y [,_5] sm(aoﬂo[t — ;
u,(x,t): ~ oe o Bo

and the stress

. [3 y X
MVo —OCO(I—%) S| oropo f = C
o e
A Bo

Z
G(x,t) = —fux(x,t) =




Although the derivatives of Equation (109) properly includes Dirac delta functions, these do
not contribute to the solution in a meaningful way and are thus not included in the derivative.
The reason for this is because they appear at the wavefront, where there is a discontinuity in the
function but where the value for the displacement or velocity is nominally zero. This discontinuity
creates difficulty for numerical methods such as finite element analysis (Deeks, 1992).

c) Initial Conditions at Transition Point (t = L/c)

At the end of the period, the displacement and velocity in the pile are given by the equations

, L-x
u(x,é): f(x):% . Sln(mﬂ;[o ¢ D+cos(aoﬁo[%D ,t:é ......... (112)

and

R L e
O L s

X, ™
&

and these become the initial conditions for the next part of the problem

3. Fourier Series fort> L/c

The Fourier series can now be developed. First

'— _£
r=t
c

where ¢' = Time from Transition Point t = L/c or t=0, seconds

needs to be defined. This time is used with the Fourier series. It makes the initial conditions
described above take place at t’ = 0, which simplifies considerations. At the end of the derivation
the original time convention is reverted to for consistency by simple substitution.

a) Determination of Eigenvalues and Eigenfunctions

The solution is first assumed to be in the form

where A,A',A ,A = Constants or Eigenvalues

> ¥ms Ty

This form is chosen so that B and A can be dimensionless; in any case, they can be either
real or imaginary.

Substituting this into Equation (2) and solving for j3,
B ettt et ettt et et (116)



Substituting this into Equation (115),
(M) ................................................................................................................ (117)

u(x,t)=e "

Although the exponent to this equation suggested d’Alembert’s solution, this was expanded
into hyperbolic functions to yield

u(x, t') = (cosh(%) + sinh(%))(cosh(i %) + sinh(i %)) ......................................... (118)

or

u(x,t') = (cosh(%) + sinh(%))(cosh(%) + sinh(%)) ............................................... (119)

A more general expression for this is

u(x, t') = (Cl cosh(%) +C sinh(%))(& cosh(%) +Cs sinh(%)) .............................. (120)

The distance differential of this is

u (x,t") = %(cl cosh(%) +C sinh(%))(& sinh(%) +Cs cosh(%)) ........................ (121)

Substituting the values of Equation (69), which is the boundary condition at x = O for this
portion of time,

A Act' Act'
u (0,0/)=0= C4z(cl cosh(T) +C2 sinh(TD ............................................................ (122)
The only way to insure that this quantity works out is if
G = 0 ettt ettt sttt et naees (123)

The boundary condition at the pile toe x = L is defined by Equation (90). This represents the
soil spring at the toe. Equation (123) was first substituted into Equation (120) and this in turn
was substituted into Equation (90). These steps took both boundary conditions into account and
this yielded

Act' Act'
(Cl cosh(Tt) +C> sinh(TtD(— Zc% Cssinh(A) — kA.Cs cosh(l)) =0 e, (124)
or
A
- Zcz C3SINN(A) = KArC3COSNIA) oo e e e et e e ee e e e eeeeseesenaan (125)

The trivial solution for this is for C3 = 0. There is no real A that satisfies this condition.
However, substituting



L B (127)
the result was

A
Zcz SITA) 2 i COSIA') e e e e e e e e e e e e e e e e e e e e eaeeeseeeaeeeaeenen (128)

Or rearranging

B sin(A") 1 kdAd
“cos(A) A Ze
This is a similar result to the one obtained in the Prescott-Laura problem. Dropping the

accents and adding a subscript to note that the number of solutions of this equation is infinite,
the eigenvalues for this problem are

B sin(Ax) _iktAtL ( é) ( l) 3
tan()w)_cos(ln) = Tl n——|<A<nm n—2 S =1,2.3,00000 e (130)

2
and the solution (without consideration of the initial conditions) is

u(x,t') = nz:; COS(%)(CM cos( )wzt )+ Can sin( Aﬂzt D ........................................................ (131)

Included with this solution are subscripts for the constants; they too are infinite. The velocity
in the pile is

N e A Anx . [ Anct' Aact'
u,(x,t):z 7 cosT —Cinsin 3 + C2n O ] R (132)

n=1

tan(1")

b) Computation of the Fourier Coefficients

The computation of the Fourier coefficients C1,, and Cs,, was completed by first substituting t’
= 0 into Equations (131) and (132);

u(x,0) = f(x) = icm cos(%x) .......................................................................................... (133)
and
u,(x,0) = glx) = i Can % cos(%x) ................................................................................... (134)

Substituting from Equations (112) and (113),



sin(a B [L—x
7 1—e‘ao[ ;X] 5 ¢ +cos(a0[30[L;xD :iCmcos(lex) .................. (135)

and
MV [ L‘X] sin(aoﬁo[ : ; : )(1 * [32) - AnC Anx
~ e e B = ';Cu 7 COS(T) ....................................... (136)

Multiplying both sides by cos(ﬂmx / L) ,

MV COS( ),mx) L J=] Sin(ao /30[ L - xD + Cos(aoﬁo[ N xD

Z L Bo c
........................................................................................................ (137)
and
. L— 2
MV Amx w [L‘X] s1n(ao[30[ c XD(1+ A ) Anc Anx Amx
7 cos( 7 )aoe A e B =Cu 7 COS(T)COS( 7 ) ............. (138)

Since the orthogonality requirements from Equations (35) and (36) are met, the Fourier
series represents a complete solution because the coefficients where n#m are zero. Substituting
n for m and integrating both sides,

LMVe (A L) SO0 O“’ﬁ"L;x L-x
R RO e s TS

Z L Bo c
r )unx 2
=Cn j COS(T) X ettt ettt ettt ettt et en e, (139)
0
and
) L—x 5
jMVO (M)a _%[L;X]Sm(aoﬂo[ c )(1+/30)d e ML (M)zd (140
177 cos| — J0koe Bo x=Cn Ocos 7 ) A )

In both cases the right hand side integration is



L .
Jcos( Ax )zdx _ (cos(Ax) s;nz(J An)+ An) L (141)

0

Performing all integration and solving for the Fourier coefficients,
2V, M( Lowo)( Bo” +1)
2B (cos( ) sin(A) + ) (L) + (e + (0t Bo L)) (et B, LeA, )

Cln =

sin()(( Zow)( Bo’ + Bo) — (Lexo) Bolc ')

te ¢ sin(“"f"L )(—(Laoﬂo)zcﬂm+(cln)3+(La0)2cln)

iy

e © cos( ool ) —cos( M)](Z( Lao)zﬁocb)

C

+

and
Cun=
2V oM( L)’ Bo” +1)
Zﬁo((cos()w) sin(Ax) + )w)(((ozoL)2 +(eA)?) + (aOﬂOL)2)2 - (aOﬂOLcln)z)

%ol (aoﬂoL
c

Sin(ln)(2(La0)[30(cﬂn)) +e © sin )(— ( Lotoﬁo)2 - (cln)2 - (Lao)z)

oL

e < cos(aOﬁOL ) —cos( )w)](— (Lozo)z(ﬁo3 + [30] + ﬁo(c),n)z)

C

+

The final substitution is the original time frame of reference; substituting Equation (114) into

Equation (131),
)+ Can sin(ﬂn[t—c - 1])),t > R (144)
L c

ulx,t) = ,; COS(ATAX)(CM cos(ln[%c -1

where the coefficients are defined by Equations (142) and (143). The stress in the pile is given

by the equation
Zc Zc & Anx tc tc L
olx,t)=——ux,t)=—— ) A sin| — || Cincos| Au|——1| |+ Consin| 1| —=1]]||,2>—
(x.1) AX( ) ALZ{” (L)(l ([L ) ’ ([L D) c
This is the solution for the undamped case. Because it lacks any dissipative elements in it, it
is not a totally realistic case for piling; however, it can be used for comparison with numerical

methods, where dissipative elements (such as dampening) tend to obscure instabilities in the
numerical integration.




V. SOLUTION OF THE DAMPED CASE

A. Outline of the Solution

The basic solution method and the assumptions for the solution are the same as the
undamped case.

The physical system to be modelled is shown in Figure 2.

The governing equation is given in Equation (55). For the purposes of this thesis the values
for a and b are given in Equations (66) and (67) respectively.

The initial conditions are given by Equations (4) and (5).

The boundary condition for the pile toe is given in Equation (84). The pile top boundary
condition for t > L/c (or whatever transition point is chosen) is given by Equation (69). The
boundary condition before this time is discussed below.

B. Solution of the Problem

1. Equation of Motion for the Pile Top

In order that the damped case might be a more realistic representation of the pile behaviour,
both the mass of the driving accessory and material dampening of the hammer cushion are
included. Because meromorphic functions appear here as well, the solution method is the same
as for the undamped case, but the introduction of these new elements makes the actual
computations more difficult. As before the solution of this problem is presented in Deeks (1992)
but the notation is rather different. The Maple V worksheet for the derivation is found in
Appendix B.

New variables which needed to be defined are

B e e eeeee e eeee e eeeeeneeeee e (146)
M

and

O (147)
z 7

where m’ = Pile Cap/Ram Mass Ratio
m = Mass of Driving Accessory for Pile Hammer, kg
¢’ = Cushion Dampening/Hammer Impedance Ratio
C = Cushion Dampening Coefficient, N-sec/m

Using the same semi-infinite pile theory employed before, the equations of motion are
M, 4 K(x, =%, )+ C(5, = 5,) = 0 oo (148)
and

mt, + Zi, = K(x, =2, )+ C(E, = %,) 20 cooooooeoeeoeecceeeeeee e (149)



As was done with the undamped case, the appropriate variable substitutions having been
made and the Laplace transforms having been taken, the Laplace transform of the pile top
velocity was solved for; this expression is
~ ZV. M(Z - ' Z'Ms)

CZ2PMPw'S + MPZZ( (i =)+ Z7)st + MZH(m’ + 1+ 2 ) s+ Z°

where V. (s) = Laplace Transform for Pile Top Velocity

t

The same method of inverse transformation is used as before, i.e., using Equation (98).
Because there is a cubic equation in the denominator, the expressions for the poles are rather
involved, so it is necessary to break these up. The poles for this equation are

LT O ettt ettt ettt ettt ane (151)
and
S8 T O Oy e (152)
The coefficients for these equations are
o, Z(c(m'-1)+2)
O = 3 Ol T — S T eeeeeeeeeteeeeeeii—rreeee e e ————eee e e e ———teee e e e ———raaeeeaaataaaeaeeaaans 153
1 \/_5 9 3leml ( )
1 0 Z(c'(m"=1)+2Z")
——3 - —_—
o, > o T AL T ———— s (154)
:ﬁ?ﬂa _\/gaG
2 T B e (155)
O I e (156)
12m" +122"* +36m”> +6¢>m’”> =32 —=3c”* + 960,
—24m”>c’Z’ +66m”*c’Z’ + 60 +6m”>c”* 7' -30m’* ¢ Z
A —24m’c’Z7 +18m' ¢ 27 + 42m’ 7+ 6¢’Z +12m”*
o ="—"—5 33
S O18MPmZ" || +36m” —3mtc’? +24m 2 2 —60m' 2" — 4227
+48Z7%c"? —18¢°Z' =3m"* 2 +6m'cZ” | (157)
+ 6m/c/4Z/2 _ 3Z/2c/4 _ 3Z/4c/2 + 62130/3
—90’ /3+1SZ/ ’2 30/22/ ’2 3m/c/Z/2_3c/2Z/ ’
ZS
| =W Z" + 9 M + 27 m” — 6" m’ + 6" +2727 —6c’ 2"
54M°7Z"m
+6¢°7 -2c"
o, :#(— 3m =, =3m’ 4P =2+ 2 =27 ) e, (158)
M*Z"m"3fo

where o,,0,,005, 0, 0,0, = Consolidation Constants for Pile Top Forces



Applying Equation (98) to the Laplace transform and solving with simplification and
elimination of the complex terms, this yields

v,z
o 2040 + 02 + 0l ) MPm'Z o

u,(O,t):(

o, cos(%t)(alc’Z’M _ Z) ...................... (159)
o,e™ (Z - alc’Z’M) +e™! .

+ sm(ogt)(Z(oc2 —ay)+Z'M (o0 — o - af))

Further simplification is possible if
V,Z

Y= (0 —200, + a22°+ QMo 7 g, (160)
Vo ZOG(OUCZ M = Z) oo (161)
Vs = Z(0 = 0 )+ CZM(040 =02 —02) oo (162)
where 7,,7,,7; = Consolidation Constants for Pile Top Forces
are substituted. Substituting these into Equation (159) vields
u,(0,¢)=7y, (yze"‘" —e®! (y2 cos(ogt) -7, sin(ogt))) ................................................................ (163)

There are two things that need to be noted about this solution.

First, this solution is generally valid unless 0,=0. In this case s,=s, and there is a multiple

pole as opposed to two single poles. This alters the complex integration. However, in view of
the fact that the known values of the variables are more precise than accurate (especially the
values for the cushion material properties,) the possibility that one would need to use the
solution when 0;=0 is rather remote.

Second, the equation is valid in the form presented if o, o, and 0., are real. If these are

imaginary, the transformations necessitated by the imaginary values of the coefficients are
relatively simple. If they are complex, then these transformations may become more difficult.
This means that, if all cases for this solution be considered, solutions in all parts of the complex
plane must be included and not simply solutions that are only real.

2. General Solution for a Semi-Infinite Damped Pile

Before the damped wave equation is solved, it would be helpful to consider the solution of
the semi-infinite pile in the damped case, just as it was with the undamped case.

a) Theory of the Damped Solution

Beginning with Equation (55), the Laplace transform of this equation with respect to time is

cu, (x,s) = (sU(x,s) - u(x,O))s— u, (x,O) + aU(x,s) + 2b(sU(x,s)— u(x,O)) ......................... (164)



Substituting the initial conditions of Equations (4) and (5), the solution for this differential
equation is

Vs? +2bs+a{ s’ +2bs+a{
c

Ulx,s)=Ce C 00 e (165)
In order to prevent an unbounded condition,
G 0 ettt e e e s e e e e (166)
Substituting this yields

—Is ¥2bsta>
0L o OO (167)

Consider a generalized forcing function F(t) acting on the pile top. The boundary condition
for the pile top is given by the equation

Fy(£) = =ZCU (0,1) oo, (168)
The Laplace transform of this equation is

N /e (110 IS (169)

where P(s) = Laplace Transform for Pile Top Force

Substituting Equation (167) and then x = 0,

P(s):ZCZ\/s2+2bs+a ..................................................................................................... (170)

Solving for C,, this vields
P(s)
m ............................................................................................................ (171)
Substituting this back into Equation (167),
s +2bs+a’

C =

P(s) e

Ulx,s)=
(x S) Z \/s2+2bs+a

This corresponds with Equation (8) for the undamped case.

This equation is deceptively simple, because now, instead of the meromorphic equations
seen earlier, there is a polymorphic equation whose complex integration requires integrating
around branch cuts instead of simply poles. So the method of Equation (98) cannot be applied
in a simplistic fashion to the inverse Laplace transform of this equation.

The alternative is to use Borel's theorem. In this case the equation can be divided into the
expressions

2 P(s)




—/s? +2bs+a{
~ e ¢

o e —————— 174
(s) \Ns? +2bs+a (174)

where F (s) = Laplace Transform of Pile Top Forcing Function

Gls) = Laplace Transform of Pile Response Function

The inverse Laplace transforms of these expressions are, respectively,

where f (t) = Inverse Laplace Transform of Pile Top Forcing Function

4(#) = Inverse Laplace Transform of Pile Response Function

for the response function. The inverse Laplace transform of Equation (172) can be expressed as

C

u(x,t):f(t)*g(t):%j:e_bflo \/(bz_a)( 2_(f)] O(t—’L')dT,t>% ............................ (178)

where 7 = Dummy Variable for Borel’s Theorem, sec.

and zero for other times. This is identical to the result of Van Koten et. al (1980) except for
changes in the notation. It is similar to the solution of Webster (1960); however, he assumes
non-zero initial conditions.

b) Discussion of the Solution

This solution has a number of important results, which need to be understood completely.

First, this equation has no straightforward closed form solution. The most direct method of
solving this equation is to substitute a power series or polynomial approximation for the Bessel
function and perform termwise integration. How this is performed depends upon the values of
the argument of the Bessel function and the desired complexity of the resulting algebra.

Second, for the pile top,

ulx,t) = 7(0)* (1) :%_:[e_}”lo( (67 ~a)(2) 1 =TT > 0 o (179)

This result also appears in Zhou and Liang (1996).



Although this is obviously simpler than Equation (178), it means that Equation (17) and its
related equations do not apply to this problem. Thus, any force-time relationships that are
computed for semi-infinite piles with distributed soil elasticity and dampening along the pile shaft
should be computed with this equation and not Equation (17) in the pile top model. The reason
for this of course is that piles with distributed soil elasticity and dampening are reflecting stress
waves back to the pile top, which interact with whatever is forcing the pile down during impact.

This, however, relates to the third observation, namely that any function used as the forcing
function results in very difficult integration depending upon what kind of function is used. For
the functions derived for pile top force, this can be potentially overwhelming — especially if one
considers that these equations are strictly speaking inapplicable.

For this thesis this problem is dealt with by substituting a constant force that acts for a time &
after impact. The force is zero afterward. This is expressed as

This is essentially the same forcing function as used by Van Koten et. al. (1980). The
difference in this solution is twofold. First, the force-time curve used is matched with the semi-
infinite solution by having the two force-time curves have the same impulse and maximum force
(the latter to match the pile stresses.) Second, the time used to begin the Fourier series solution

is altered to t = 0. rather than t = L/c. This is as opposed to Van Koten's solution of using an
equal negative forcing function after the end of the impulse to simulate a zero pile top forcing
function. The method of dividing the solution makes this possible.

The problem of matching the force-time curves is discussed in more detail with the numerical
comparison.

c) Analysis of the Bessel Function and its Argument

Since the Bessel function represents the central difficulty in the analysis of this problem, it
was considered first. The square of the argument is first defined as

2 =(p? —a)(ﬁ —(%)2] ........................................................................................................ (181)

where Z = Bessel Function Argument for Damped Case

The first parentheses have the dimensions of inverse time and the second of time. For
simplicity's sake the quantities were rearranged so that both of the parenthetical terms were
dimensionless. With judicious rearranging and substitution,

2= ((bz - a)(f)z ]((%C)z - (%)2] ..................................................................................... (182)

Now the quantity



where d = Pile Shaft Damping and Elasticity Ratio

is defined. Then Equation (182) can be rewritten as

()2 o -

To analyse the argument, the remaining parenthetical expression is basically a dimensionless
time quantity in "units" of L/c. Thus, the maximum value for this quantity takes place at the pile
top (x = 0). For the first "semi-infinite" phase of the analysis, since the maximum time is L/c, the
maximum value for this quantity is unity.

For a case defined in this way, the maximum value of Z is thus completely dependent upon

d. There are three basic cases for this variable, which depend upon a and b since L and ¢ are
both positive.

1. b* >a,dA >0. In this case the I, Bessel function remains, which is unbounded as the

argument increases. This would create difficulties except for the exponential, which
approaches zero as Iy approaches infinity with increasing time.

2. b= a,dA =0. The Bessel function is valued at unity. This is analogous to the "balanced
line" condition which appears in transmission line problems and which simplifies the analysis
considerably. Unfortunately this cannot be counted on taking place in piling.

3. b <a,dA <0. In this case the J, Bessel function is used for the negative value of the
argument. This results in oscillatory response.

More importantly this variable defines in large part (except for the exponential decay, which
is a function of b) the response of the pile to excitation at the top, not only in quantity but in its
nature as well. To obtain variables such as this is one of the objects of closed form analysis and
thus it is an important result even without a subsequent solution.

Using the notation for the argument developed earlier, the power series representation for
the Bessel function is

This can be simplified to

2”1
. °°(4) ;g 2 3
[0(\/;)22 oD =1+Z+a+m ................................................................................ (186)

The series is valid for all values of Z, and furthermore automatically changes the nature of the
Bessel function with the changes in sign of the argument.

As is the case with many functions of this type, the function converges everywhere, but how
many terms are needed for convergence? This depends on the value of the argument. As Z
increases, the number of terms required for convergence also increases. It is necessary to



analyse possible values for the argument to determine the number of terms necessary for
convergence.

d) Determination of Maximum Values for d

The method chosen for the closed form solution has a maximum time of transition from the
semi-infinite pile method to the Fourier series to be t = L/c. In the case of the damped solution
the turnover time has been altered tobet = < L/c.

Therefore,

The inequality is significant because, in an actual case, the maximum value of d,,., may not
be encountered in a Bessel function argument. In any case absolute values are used because the
convergence requires more terms of the series to be used as the value of the argument gets
further and further away from zero, irrespective of whether this is in the positive or negative
direction. Negative values (J, Bessel function) are more critical as convergence on an oscillating

function is generally more difficult than on one that approaches infinity.

Substituting Equations (66) and (67) into Equation (183),

. G G \(LY
j=|-2% T (—) ................................................................................................... (188)
4p~Ar, pA Nc
and this can be reduced to
g=Y| P (5)2 189
= pd| 2pr. T R (189)

This illustrates the importance of the geometry ratio in these calculations. For any given pile
material and soil combination, the geometry of the pile determines the relationship between the
transmissibility of the pile and the effect on that transmissibility by the soil.

It is evident from Equation (189) that a large geometry ratio results in larger, negative values
of the argument. Equation (59) shows that such a ratio can be achieved if the area is at a
maximum value relative to the perimeter, or the perimeter at a minimum relative to the area.
This last condition can be achieved with the solid circle; the geometry ratio for this shape is

l"g el = .
T oo e e e e e e e e e e e s e s (191)

Except for wood piles, solid circular piles are rare. With pipe piles, there is a hollow area in
the centre; both area and geometry ratios decrease. With concrete piles, there is an increase in
the perimeter relative to the area due to the use of flat sides; again the geometry ratio increases.



This effect is augmented with a hollow area in the centre of the pile, as is common with concrete
piles. With H-beams and sheet piles, there is pretty much the same effect. So this can be used to
determine the maximum negative value of the argument.

The expression can be further simplified for search purposes if by assuming the area in
Equation (189) to be a solid circle; additionally eliminating the acoustic velocity, this equation
then can be reduced to

where D = Pile Outside Diameter, m

The result of this equation is very dependent upon the density ratio of the soil to the pile.
For steel piles, this may yield unrealistically low values. Defining

where d’ = Pipe Pile Diameter Ratio
d = Pile Inside Diameter, m

for hollow piling this equation becomes

. 4G, (p, 1 LY
= . — L o ] e 194

This equation gives a relatively simple expression, which can be used to compute extreme
values for the Bessel function argument, and thus determine how many terms in the power
series are necessary.

To obtain a range of values for the argument, soil Young’s modulus and Poisson’s ratio
values were taken from Das (1984) and the necessary values for the soil shear modulus and
density were computed. Typical values for the pile material properties were assumed. The
process then proceeded as follows:

1) Extreme values of the soil shear modulus were computed using standard mechanics of
materials methods. A high value of 50 MPa was chosen for a maximum value of the
argument; however, this was largely driven by one soil type and probably can be reduced for
practical cases.

2) Density ratios between soil and pile were computed for the three pile materials. An average
value was computed. There was relatively little variance of this ratio with a given pile
material.

3) Two ratios were assumed: the diameter ratio and the L/D ratio. For wood and concrete
piles, a diameter ratio of zero (solid piles) was assumed and for steel a ratio of 0.8, which
represents a very thick walled steel pile. As for the L/D, this is a relatively common quantity
in pile analysis; an L/D of 50 was assumed. This is the submerged L/D in the soil and not
the total L/D for the pile; however, in this model the entire pile was submerged in the soil.



The results are shown in Table 1. The minimum value occurs with the concrete pile; in this

case d >—6. This would indicate that four terms of the series in Equation (182) would be
needed for an ideal approximation. However, the complete argument of the Bessel function is
in fact a polynomial; each power of this produces yet a higher value and more involved

polynomial. However it is probable that attainment of this low value of d is in fact unlikely.
Therefore, for simplicity's sake, the first three terms of the series are used.



Table 1 Soil Properties Survey and Values of d

Soil Young'’s Soil Calculated Soil  Density Density Ratios
Modulus, MPa Poisson’s Shear kg/m3
Ratio Modulus, MPa
Soil Min. Max. Min. Max. "Min. "Max. Wood Concrete Steel
Type G" G"
Loose 10.35 2415 0.2 0.4 3.70 10.06 1500 2.307 0.652 0.192
Sand
Medium 1725 276 025 04 6.16 11.04 1600 2.461 0.696 0.205
Dense
Sand
Dense 345 55.2 03 045 1189 2123 1600 2.461 0.696 0.205
Sand
Silty 1035 1725 0.2 0.4 3.70 7.19 1600 2.461 0.696 0.205
Sand
Sand 69 1725 0.15 035 2555 75 2000 3.076 0.869 0.256
and
Gravel
Soft 2.07 518 1700 2.615 0.739 0.217
Clay
Medium 5.18 1035 0.2 0.5 1.73 4.31 1700 2.615 0.739 0.217
Clay
Stiff 10.35 24.15 1700 2.615 0.739 0.217
Clay
Average/Value Used 50 2.576 0.728 0.214
Diameter Ratio
0 0 0.8

Pile Density, kg/m3

650 2300 7800
Pile Modulus of Elasticity, GPa
13.8 25 210
L/D
50 50 50
d
57.1 -5.43 -2.69

Note: Values for soil properties are given in Das (1984).

It is interesting to note that Van Koten et. al. (1980) use only two terms of this series, which
This is because they assume that the minimum value of the
argument to be -1. Zhou and Liang (1996) use four terms of this series, but because their
ultimate objective is to analyse pile top signals x = 0 and the resulting polynomial is much

gives them a linear equation.

simpler.



e) Practical Statement of the Solution for t<0

The objective in this analysis is to provide a relatively simple solution for this problem. It is
now possible to finalize this solution for the first portion of time.

If the Bessel Function in Equation (178) is changed into the series of Equation (186) for
three terms and substitute Equation (180) for the forcing function,

i

u(x,t) = 2 ” TS (195)

where & = Time of Square Wave Simplified Impulse, sec.

Integration (with appropriate substitutions) of this yields

L,
u('x’t) = b5L4Z
d*c'b? y d*c'p’ ; +(dA202x2 YA 3dch’ ]tz
64 16 32 4 16
( dc*h’ > 3d>c*b N d*c*x’b’ )t N d*cx*b? N dr2x*b* o
- - - le
2 8 16 16 4 .................................. (196)

R R

64 8 2

de’b’ I} d*APx*h 3d’bex 4 a db*Pex  3dct) -t

+ + + +b" L' + + e ¢
2 8 8 2 8

The velocity in the pile is

F, (dAtzc2 —dx* +81° )2 e
P

and the pile stress is

u, (x,t):



o

G(x,t) =

b’L'A
12c*xb* 2 1°cxb’ L 12c*xb? N di’xb*  d*x°b* o
16 8 8 2 16 ¢
. Azcszz 3d"2bc3 d"b?,ch _bjx .................................. (198)
4 8 2 ¢
dPb’ I} dPx*h 3dhc'x 4 s db’Pex 3dPct)
- + +b" L + + e ¢
2 8 8 2 8
At the turnover time t=0, the displacement and velocity are
F
u(x’s):f(x) = bSL(é)lZ
B d’c'p’ 54— d’c'b’ 5 +(c2202x2 N B dcb' I’ B 3d%c*h? ]52
64 16 32 4 16
( d*b’ > 3d*c*b N d*c*x*b’? )5 N 4’ xh N dr*x*p* ey
— — - e
2 8 16 16 4 ............................... (199)
RN
64 8 2
d’b’ I} d*x*h 3d°be 4 a db’Lex  3dct) -t
+ + +b"L" + + e ¢
2 8 8 2 8
and
F (df?c® —dx* +81° 2e_b‘s
u, (x,5) =g(x) = 0( ) ........................................................................ (200)

64ZL'
These last equations are used for the computation of the Fourier coefficients.
Fourier Series Solution for 7 > 6

Now that the first part of the solution (with the transitional values) is complete, the solution
for the time after the step load has ceased can be derived as well.

a)

Determination of the Eigenvalues and Eigenfunctions

To begin Equation (114) is modified to

and Equation (115) to

Pet’+idx
ulx,t’)=e *



Substituting this into Equation (55) and solving for [ vields

JS o et 111 TR (203)
where
L
a= —b— ............................................................................................................................. (204)
c
and
L 2
é:z\/(—) (B2 = @) =22 SR = oo (205)
c

This is an important result because it relates the previous results to those in this phase of the
analysis.

Substituting these results in to Equation (202),

oct’+idxtioct”

U(X,) 2 € L e (206)

and this expands to
, VA —d VA —d Ax Ax
u(x, t’) ="l C COS(TC t’] +C, sin(Tc t’] (C3 COS(T) +C, sin(TD ......... (207)

This is similar to Equation (121) in the undamped case, except that the circular functions are
used as opposed to the hyperbolic ones.

Since the pile top boundary condition is the same as the undamped case, Equations (123)
and (127) apply and the expression reduces to

, VA —d VA -d
ulx,t’)=e™ cos(%) C COS(TC t’] +C, sin(—c t’] ...................................... (208)

L

Turning to the pile toe, first Equation (88) is substituted into (84) and this result is then
substituted into the previous equation. Solving for A,
sinfA) 1 kAL
tan(A) = (4) =——t"
cos(A) A Zc—E.4,

Although this is very similar to Equation (129), the main difference between the damped and
the undamped case is that the former contains many more "options" that complicate the results.
Eigenvalues cannot be blindly extracted from this equation unless the possibilities of the values
of the coefficients are considered, and specifically the denominator of the right hand side.

There are three possibilities for this equation.

1) Zc>E A,. In this case the right hand side is positive and thus a similar result to Equation
(131) is found, namely



)- sin(2,) 1 k4L
B cos()Ln) B )Ln Zc—E A, ’

3 1
n—-—|t<A < n—o mon=123,..0,Zc>E 4,

2) Zc< E_ A,. Here a transformation similar to Equation (126) is possible to obtain a unique

value for A,
sinh(A) 1 kAL
tanh(A) = =—— ZCKE A oo
anh(2) cosh(A) A E A -Zc’ e<EfA @1

3) Zc=E_A,. The denominator on the right side is zero. The same result on the left hand side
can be obtained if

1
A :(n—z)ﬁ,n:1,2,3,...oo ................................................................................................ (212)

n

and these are of course very regular eigenvalues.

Generally speaking for piles Case (1) applies and thus it is considered to be the "normative"
case, although Case (2) is readily conceivable for closed ended piling. In this thesis active
consideration to Case (3) is not given.

Assuming Case (1) to be true, the solution for the displacement is

= VAR —d 2 —d
ulx,t’)=e™ Zcos(i;) C,, cos "Tct’ +C,, sin AL | I (213)
n=l

L

A —dec YA —de

—bcos C,, cos I t’ |+ C,, sin| t’
i .......................... (214)
= R -de  (Ax _ 2 _dec 2 —dc

L cos(”T —-C,, sin t’ [+C,, cos I t’
and the stress

Z i~ A JA —dc JA2 —dc
o(x,t’)= A—Ze"b’ YA, sin(”Tx) C,, cos "Tt’ +C,, sin "Tt’ ................... (215)
n=1

As was the case with the eigenvalues, the form of these expressions depends upon the values
of the existing constants. In this case the critical constant is @. In their present form these



expressions are only valid if @ is real. If @ is imaginary, the equations for displacement,
velocity, and stress respectively are

Jd-x d-1
’ thCOS( )C cosh| Tct’ i Tnc

)= + C,, sinh [ I (216)
ut’(x’t’):
A,x Jd-2c d—Nec
—bcos( ) C,, coshl —————1¢’ [+ C,, sinh| ————¢’
- L L " L
= e (O N A ) A 217)
20 .
n=l d-Xc A x . d-Xc | d-XAc |
+Tcos I C,, sinh Tr +C,, cosh| Tr
i dA—lfc _ dA—lfc
o(x,1 ——e ’Zl sin C,, cosh Tt’ +C,, sinh Tr’ ................ (218)

It is important to note that these two sets of equations are not mutually exclusive; it is entirely
possible that in the progression of eigenvalues, the value of @ may change from imaginary to
real. In this case the Fourier series becomes a mixture of hyperbolic and circular functions.

The case of @ =0 is not considered as it is unlikely that this case would be encountered for
reasons stated before.

b) Computation of the Fourier Coefficients

For either the circular or hyperbolic function series, the initial displacement and velocity can
be represented by the Fourier series

Zc cos(

and

u,(x,0) = g(x) = i(—bqn + % C,, ]cos( lan) .......................................................... (220)

This is significant because the Fourier coefficients are the same for both the circular and
hyperbolic series. A similar technique to the one for the undamped case was used; however,
because there are some important differences in the procedure, the derivation is discussed
completely. The function f(x) is given by Equation (199). Multiplying both sides of Equation
(219) by cos(A_x/L), for each term (and coefficient,)

Ax Ax) A, X
C, cos(T)cos( 7 )—cos( 7 )f(x) ............................................................................. (221)




Integrating both sides,

L e
C, _! cos(%x) cos( lzx )dx = j cos(%)/(x)dx .................................................................. (222)

0

The right hand side is not integrated to L but only to dc. This is because the displacement is
zero from this point to the pile toe; thus, this integration is not shown. However, the left hand
side is integrated for the full length of the pile.

The left hand side integral is given in Equation (141). As before orthogonality allows
integration only for the case when m=n. Substituting Equation (199) for {(x), performing all
integration and solving for the first Fourier coefficient,

24,F,

Z((61)* ~(c2,) ) (cos(4, )sin(2, )+ 4,)

In —

2d° B L8t —3d°D° L — 6d°c*SA'b> I
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—10(dca, ) b* L —(dca, ) 8b* 1 —8be* DA Sm( )
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Turning to the second Fourier coefficient, this is a little more complicated than the first
because it is dependent on the first. The function g(x) is given by Equation (200). Taking
Equation (220) and multiplying both sides by cos(A_x/L),

> JA —d
g(x) cos( lzx) = Z (— bC,, + ”Tc G, ]cos( lzx ) COS(T’X) ......................................... (224)

n=1

If one term at a time is considered and both sides are integrated, this yields

& JA—d -
jg(x)cos A dx =| —bC, +"—CC2n jcos hx cos A X e (225)
0 L !

L AL L




Solving for C,

% A X
; _([ g(x) cos(Z)dx

G, = 7 FDC,, | oo (226)
\/Z’f —de j cos( A ) cos( Fo )dx
o L L

Substituting Equation (200) for g(x) and integrating,
C - 1

" 4cLl:Z(cos(ln ) sin(ln ) +, )wa —d

A 2
n ~ dcoA, A ¢
(3012 +8A +4d2 —(CT] ]ﬁ sin( - ) .
o A N B | (227)

- (3dA +4X )dAln Loc cos(%)

+ 4bClanl:Z(cos(ln ) sin(ln ) +4, )

Knowing these coefficients, and transforming the time reference to the original one using
Equation (201), the Fourier series with circular functions for the displacement and stress are

given by the equations

= Ny N

u(x,t)=e™ Zcos( ) C, cos["Tc(t—S)] [%(t—&]
n=1

= 2 —d JE—d
ol(x,t) =2 e 4 sin( Aan) c, cos["—c(t - 5)]+ c, sin["Tc(t - 5)] ....... (229)
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L

+C,, sin

L

For the hyperbolic functions, the displacement and stress are

= Jd -2 d—2
u(x,t) = Zcos(%x) C, cosh[T"c(t - 5)]+ G, sinh[Tnc(t - 5)] ............. (230)
n=1
Ze & Jd -2 Jd -2
G(x,t) = —ce_b’ Zﬂ, sin(%x) C, cosh[T"c(t - 5)]+ G, sinh[T"c(t - 5)] .. (231)

This is the solution for the damped case using a uniform intensity impulse function of force
Fo and time duration from impact 0. These of course are only valid after time 9.



V1. COMPARISON OF RESULTS WITH NUMERICAL METHODS

Given the large number of possible cases that exist for hammer/pile/soil combinations, the
possibility for comparison of the closed form solutions described above are literally endless. The
central purpose of this part of the thesis is to illustrate the possible application of these methods
and to compare them with existing numerical methods, both to verify the basic soundness of the
closed form solution and to further explore the relationship between numerical methods and the
closed form solution.

A. Computer Implementations of the Calculations

In his exposition of the rod or cable with a mass at one end suddenly stopped at another,
Prescott (1924) noted the following:

It will be seen that the actual calculation of tension in the rod at any time
involves a considerable amount of labour, and the calculation of the maximum
tension involves still more labour.

It was fifty years later that Laura et. al. (1974) were able to have the computational power to
apply to a problem such as this. The closed form solution for piles presented here, whether in
undamped or damped form, is considerably more involved than the Prescott-Laura problem.

It is evident from both the solutions proposed here and a review of those who have gone on
before that any viable use of any solution of the wave equation for piles involves computer
solutions of some kind.

1. Closed form Solution using Maple V Release 3

Advances in computer software made it possible to consider closed form solutions that
would have been impossible or impractical in the past. For the purposes of this thesis this
means Maple V Release 3, which is a general-purpose mathematical software package capable
of both symbolic solution and numerical computation. A detailed description of this software is
given in Abell and Braselton (1994a, 1994b). Much of the derivations given earlier, although
possible by hand, were in fact done with Maple V, especially as they relate to integration, algebra
and complex analysis. Although Maple's capabilities with Laplace transforms were used,
limitations with inverse transforms and other areas required occasional "intervention" in the
calculation sequence.

With the implementation of these solutions, Maple V was used in a different way. Although
it is possible in principle to use the same routines to make numerical computations as were used
with derivation, both limitations in both software and hardware and the need for a relatively
efficient code suggested the division of the code into a program most suited for symbolic
manipulation and one for numerical computation. Example solutions for the damped case are
shown in Appendix C (symbolic) and Appendix D (numerical).

2. Direct Stiffness Solution using Maple V Release 3
For most engineering problems such as this, when one considers the use of a numerical

method, the first idea that comes to mind is the finite element method. For a variety of reasons
this has not taken place with stress waves in piles. Some of these are historical but there are



some real difficulties in using finite element direct stiffness techniques in this application (Deeks,
1992). To examine some of these Maple V was employed to construct and use a direct stiffness
model of the pile for the undamped case. This model was constructed using Newmark's method
as described by Logan (1992). The semi-infinite pile model was used to generate the force-time
function at the pile top, as also for the closed form solution. Although Maple is not the most
efficient code for this application, its matrix manipulation capabilities (it can do this symbolically
in some cases) make this code relatively simple to use for the purpose. The Maple V worksheet
for this is found in Appendix E. (For a more versatile example of a direct stiffness solution of
this problem, see Bossard and Corté (1983).)

3. Direct Stiffness Solution using ANSYS-ED 5.0-56

One interesting concept that has not been widely pursued either by researchers or
practitioners has been the use of general-purpose finite element codes for stress wave analysis of
piles. For both undamped and damped cases the closed form solution was compared with
results from the ANSYS general purpose computer program. The pile top force can be
simulated either by applying a force-time relationship or simulating the drop of a mass onto the
hammer cushion. Although the educational version is limited as to the number of nodes and
elements, by finite element standards this is a relatively simple problem, so this limitation does
not pose any problem here, because here the soil is modelled using visco-elastic elements and
not an axisymmetric solid around the pile. The Maple V worksheet for the damped case using
ANSYS is found in Appendix F.

4. Finite Difference Solution using WEAP87

From both an historical and a practical standpoint, the most important comparison is with
the finite difference techniques that have been the industry standard since the days of Smith
(1960). For this purpose the WEAP87 program was used. This is similar to the WEAP86
program as described by Goble and Rausche (1986). This program has a relatively
undemanding personal computer implementation and many options for input and output.
These are necessary in this case as the entry of soil parameters that are similar to those used in
the closed form solution require some care because their theoretical basis is different. This
program, however, can only be used to compare the damped case, not because it does not
analyse undamped piles but because the undamped case uses a hammer system without a cap,
which is not permitted by this program. The WEAPS87 results for the damped case are shown in
Appendix G.

B. Solution Implementation using the Example Case
1. Statement of the Problem

The basic problem under consideration is the driving of a 1000 mm diameter steel pipe pile,
50 m long, with a wall thickness of 40 mm. The pile is driven open ended into medium dense
sand. The hammer used has a ram mass of 15 metric tons; it has an equivalent stroke of 1.5 m
and a mechanical efficiency of 80%. The cushion block has a stiffness of 2.45 GN/m and has no
damping (this is to avoid comparing the static hysteresis cushion concept of WEAP87 with the
viscous material damping concept of the closed form solution and ANSYS.) This example was



analysed for 0 < t <4L/c for displacement-time and stress-time histories at the pile top (L = 0 m),
pile middle (L = 25 m) and pile toe (L = 50m).

Values for the variables of the solution are shown in Table 2. These are either given
variables or computed using the appropriate equations given earlier. Variables marked with an
asterisk (*) are used in the damped solution only.

Table 2 Variables for Example Case

Variable Nomenclature Value of Variable in Example
Designation Case
a* Pile Shaft Elasticity Constant 36858.97436 1/sec?
b= Pile Shaft Dampening constant 221.8649536 1/sec
c Acoustic Speed of Pile Material 5188.745215 m/sec
/o Cushion Dampening/Hammer Impedance Ratio 0
d Pile Inside Diameter 920 mm
d’ Pipe Pile Diameter Ratio 0.92
7« Pile Shaft Damping and Elasticity Ratio 1.148186304
k* Soil Shaft Spring or Elastic Constant per Unit 11.04 MPa
Area
k[ Soil Toe Spring or Elastic Constant per Unit Area 11.08 MN/m3
m* Mass of Driving Accessory for Pile Hammer 3000 kg
m’* Pile Cap/Ram Mass Ratio 0.2
re* Geometry Ratio of Pile 0.0122
r, Pile Toe Radius 500 mm
A Cross-Sectional Area of Pile 0.12064 m?
At Pile Toe Area 0.12064 m?
C* Cushion Dampening Coefficient 0 N-sec/m
D Pile Outside Diameter 1000 mm
E Pile Young’s Modulus of Elasticity 210 GPa
E; Soil Young’s Modulus of Elasticity 27.6 MPa
G, Soil Shear Modulus of Elasticity, Pa 11.04 MPa
K Cushion Material Spring Constant 2.45 GN/m
L Length of Pile 50 m




Table 2 (continued)



Variable

Nomenclature

Value of Variable in Example

Designation Case
L / c Time Length for Wave Transmission from Top to 9.636 msec
Toe

M Mass of Pile Hammer Ram 15,000 kg
P* Pile Surface Perimeter 3142 mm
Vo Initial Velocity of Pile Hammer Ram 4.85 m/sec
V4 Pile Impedance 4.882 MN-sec/m
Z, Pile Hammer Impedance 6.062 MN-sec/m
A Pile-Hammer Impedance Ratio 0.8054
(048 Pile Top Consolidation Variable 250.8985 1/sec
o Consolidation Constant for Pile Top Forces -835.176
o,* Consolidation Constant for Pile Top Forces -396.154
oy * Consolidation Constant for Pile Top Forces 401.678
[30 Pile Top Consolidation Variable 1.26279
o* Time of Square Wave Simplified Impulse 4.673 msec
i Shaft Soil Dampening Coefficient per Unit Area 132.906 kN.-sec/m?3
M Soil Toe Dampening Constant per Unit Area 191.785 kN.-sec/m3
A Poisson’s Ratio of Soil 0.25
P Pile Density 7800 kg/m3
Py Soil Density 1600 kg/m3
* Time Step for Newmark’s method using Maple V 46.4 usec
* Default Time Step for ANSYS 12.05 usec
* Pile Shaft Surface Area 157.08 m?
* Total Shaft Spring Constant 1.74 GN/m
* Total Shaft Dampening Constant 20.88 MN-sec/m
* Total Toe Spring Constant 29.44 MN/m
* Total Toe Dampening Constant 23.137 kN-sec/m
* Assumed Quake for WEAP87 Y
* Total Pile Capacity for WEAP87 5052.2 kips
* Percentage of Capacity at Shaft for WEAP87 98%
* Smith Shaft Dampening Constant for WEAP87 0.288 sec/ft
* Smith Toe Dampening Constant for WEAP87 0.009412 sec/ft




2. Computation of Pile Top Force

The closed form solution is dependent upon the function of the pile top force, as is the
Newmark method using Maple V and most of the ANSYS runs.

The undamped problem uses the same hammer configuration without considering the effect
of the driving accessory. This is purely a distinction of convenience and simplicity in the
derivation as shown; the cap, along with cushion material dampening, could be very easily
considered in this case. The displacement-time history for this is found in Equation (106). If this
is differentiated with respect to time, Equation (17) applied and the example variables
substituted, the force-time curve (in Newtons) for the hammer-pile system without considering
the cap is

Fy(£) = 37.5%10° 09550 Gin(316.833) w.vuvverveeeeeeeeeeeeeeeeeee e es e, (232)

This equation is directly applied to both Newmark’s method using Maple V and ANSYS for
the entire time of analysis. Equation (106) with the appropriate substitutions is applied to the
closed form solution; this relationship, however only applies for times less than L/c.

Including the cap, the velocity-time relationship is given in Equation (163). Multiplying this
by the impedance and substituting the example variables gives the force-time relationship (again
in Newtons) of

Fyl1) =
54.61x10%(e 5176 — g1 (05(401.6678¢)) +59.69 x 1015 5in(401.6678¢)

However, this cannot be directly applied to the damped case because it is only valid for piles
without dampening. The solution to this problem is first to note that the maximum force is
15.566 MN at a time of 3.2 msec; this becomes the constant force for the assumed duration of
the square wave pulse. That duration was computed by multiplying the hammer mass and its
impact velocity to compute the hammer’s total impulse, than dividing this by the maximum
force. Because there is no dampening in the cushion material and (as it turns out) not a great
deal of rebound from the pile top, this approximation can be made with little error. The impulse
time calculates to 9.636 msec.

All three of these are plotted in Figure 6.



Square wave for Damped Case

Hammer with Pipe Cap

Hammer without Pipe Cap
(Undamped Case)

Pile Top Force, MN

Figure 6 Pile Force-Time Relationships, Example Case
Several items need to be noted in this case:

e The semi-infinite pile top force-time curves were both substantially complete at about t = L/c,
so this criterion of the closed form solution is met.

e The negative portions are physically impossible because the hammer cushion is inextensible.
e All of the consolidation coefficients are real in this case.

e The peak force is greater when the effects of the cap are included. Intuitively one would
think that the inertia of the cap would diminish peak forces, but this illustrates that simple
generalizations about these solutions are difficult.

3. Aspects of the Different Solutions
a) Closed Form Solutions

The closed form solutions are arrived at by substituting the variables into the appropriate
equations. The following observations need to be made:

e To insure accuracy, in the Maple V routines the Fourier coefficients were always derived each
time rather than to enter them from the formulae.

e The number of Fourier series terms in both undamped and damped case was limited to sixty-
five (65). This was mainly a function of limitations in Maple V. Successive trial cases were
performed to insure that the approximation was reasonable. With the undamped case, no
difficulties were noted; the square wave forcing function created some convergence problems
with the damped case but these were minor at this number of terms.



e The undamped case transferred from the Laplace transform solution to the Fourier series at
t = L/c; the damped case made the transformation at 1 =4 .

e The results were output to a file of x-y coordinates for each displacement or stress and pile
location; these were input into a CAD program for plotting.

e As the theory suggested, the undamped case always used circular time functions. For the
damped case, the point where @ =0 took place at A =1.072. Since 4 =239 and A, =316,
this meant that the first time functions in the Fourier series were hyperbolic and the rest were
circular.

b) Newmark’s Method (Maple V)

As stated before, Newmark’s integration technique was used, as described in Logan (1992).
The one-dimensional nature of the problem made for a straightforward assemblage of the
stiffness and mass matrices and solution of the problem.

e The pile was divided into twenty (20) spar elements of 2.5 m length each. These elements
include both stiffness and mass. A final element representing the soil elasticity connected the
pile toe node with a static soil node; this element had stiffness but no mass.

e The time step was one-tenth of the time defined by dividing the element length by the
acoustic speed of the material. This was recommended by the reference source.

e The Newmark beta for this was 1/6 and the gamma 1/2.

e Lumped mass matrices were used for the elements, i.e., equally dividing the mass between
the two nodes.

e Partitioning the matrix at the soil node, since its displacement was always zero eliminated the
singularities in the mass and stiffness matrices.

e The output format was the same as for the closed form solutions.

e In some cases it was necessary to reverse the sign convention on some of the results for
consistency.

c) ANSYS

Variables in capital letters refer to ANSYS internal variable names; these are explained as
they are stated.

Although there were only two example cases (undamped and damped), there were three
ANSYS runs performed:

1. The undamped case, where the pile top force-time curve was divided into forty (40) load
steps and the load was defined at each time and ramped from one load to another (KBC =

0).

2. The damped case with applied square wave load at the top, configured to be exactly
comparable to the closed form solution. In this case there were only two load steps with step
loads (KBC = 1); this meant that the pile top was loaded either by the full step load or not
loaded at all.



d)

The damped case with a mass-spring system at the top to simulate the hammer. The mass
was brought up to full velocity by applying a large force uniformly during the first time step.

The following assumptions and techniques were used to construct the ANSYS model:

ANSYS uses Newmark’s method of integration for the type of time dependent problem.
Many of the changes that took place between the Maple V implementation of this and
ANSYS were done to correct shortcomings in the former, using ANSYS’s vastly superior
element library, much greater computational speed and other features.

The pile was divided into forty (40) spar (LINK1) elements, using lumped mass matrices
(LUMPM = ON).

The pile toe and shaft soil elements were visco-elastic (COMBIN14) elements. For the
undamped case, only soil spring was included at the toe; for the damped case, both spring
and “viscosity” were included at the toe, and the shaft soil effects were included by linking
each pile node with the soil using these elements. At the pile top and toe nodes the spring
rate and viscosity were 1.25% of the total shaft value and 2.5% for the rest of the pile nodes.

A small amount of dampening (ALPHAD = BETAD = .0001) was introduced to minimize
spurious oscillations in the system.

The minimum time step was one-twentieth of the time defined by dividing the element length
by the acoustic speed of the material, as recommended by ANSYS. However, ANSYS has
an automatic time stepping option, and this was employed (AUTOTS = ON).

All time steps were stored for later retrieval in postprocessing (NSTORE = 1).

Although there was some printed output (Appendix F,) the main output was graphical for the
six different curves. These were output to ANSYS’s own graphical format during
postprocessing and converted to HPGL using the Display program that accompanied
ANSYS-ED. This in turn was imported into the CAD program, properly scaled, and plotted
with the rest of the results.

In some cases it was necessary to reverse the sign convention on some of the results for
consistency.

WEAPS87

This program proved to be the most challenging to adapt to the comparison. Important

notes on this include the following:

WEAPS87 uses English units, while all the other methods were computed in SI. So all of the
parameters had to be converted for units.

The hammer was a special hammer, and a new one was created for the analysis; there is no
existing pile hammer with the configuration of the example problem.

All coefficients of restitution of impacting surfaces were set to unity, but internal stability
dampening was allowed to go to default. WEAPS87 introduces a small amount of dampening
for stability purposes, just as ANSYS does.



4.

To enter the shaft and toe spring constant into the program, a quake was chosen so large
that it would not be exceeded by the expected deflections of the pile, in this case ¥2”. The
quake represents the plastic limit of the soil; the shaft or toe ultimate capacity is analogous to
the vield strength for normal engineering materials. The known shaft and toe spring
constants were then multiplied by this quake to yield the ultimate shaft or toe capacity of the
pile.

Regular viscous dampening was chosen to best correspond with the other models. The
difference between regular Smith dampening and true viscous dampening is explained in
Goble and Rausche (1986). The Smith dampening factor for the shaft or toe (which is also
used with regular viscous dampening, albeit differently) is the total viscous dampening factor
u for the shaft or toe divided by the ultimate capacity for the shaft or toe.

Output from WEAPS87 was in tabular form to a text file (Appendix G.) The detailed
displacement-time and force-time outputs were imported into a spreadsheet, where the forces
were converted to stresses and all results converted to SI units. The various outputs were
then divided up and output to comma delineated text files, where they were imported into the
CAD system. They were scaled properly and inserted in the graphs with the other results.
Only the pile top and toe results were analyzed from WEAPS87; the program would not yield
results for the pile middle even when instructed to do so.

Presentation and Discussion of the Results

The parameters and special aspects of all of the solution types having been detailed, it is

possible to proceed to the presentation and discussion of the results.

Because of the nature of the results, graphical comparison is the most expedient method to

view these results. They are compared in two ways: a) between differing places on the pile for a
single method, and b) between methods for given points on the pile.

a)

(1)

Undamped Solution

Displacements

Figure 7 shows the displacement-time histories for the undamped case by comparing the

three pile locations using the same method for each graph, and Figure 8 shows these histories by
comparing the methods with each other at each pile location.
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These plots first show the classic pattern of wave propagation: pile top movement begins at
time t = 0, a similar displacement pattern begins for the pile middle at t = L/2¢, and movement
at the toe begins at t = L/c. At this point the closed form solution force is taken off of the pile
and the displacement at the pile top becomes constant until t = 2L/c. For the new numerical
solutions, the pile top force continues in a slightly negative direction and there is a little fading of
the displacement. In the meanwhile the pile toe, unencumbered by a strong spring at the toe,
displaces well beyond the elastic compression of the pile and essentially “pulls” the pile along;



this effect becomes evident at t = 2L/c for the pile toe. The velocity trajectory for the pile middle
is nearly constant with some ripples caused by the travelling waves in the pile.

The methods compare well in this case; the addition of elements to the ANSYS solution,
along with the other improvements of the ANSYS program, makes for a better solution. Both of
the finite element solutions are slightly below the closed form; this is caused by a) the inclusion of
the slight negative force at t > L/c for the pile top and b) discretization errors, especially in the
later times. More elements give a more accurate solution.

(2) Stresses

Figure 9 shows the stress-time histories for the undamped case by comparing the three pile
locations using the same method for each graph, and Figure 10 shows these histories by
comparing the methods with each other at each pile location.
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The closed form solution adheres to the boundary conditions of the problem. There is no
stress in the pile top after t = L/c. The pile toe stress likewise is zero until t = L/c, but not very
high after that because the pile toe is very soft relative to the pile itself. The highest stresses —
both tensile and compressive — take place in the middle of the pile, where the effect of the
boundary conditions is minimized. In this case there is an example of “pile run” where there is
very little resistance to the pile and no skin friction (in actual cases because the pile is not very far
into the ground at the beginning of driving.) The closed form solution predicts that the stresses
are minimal at the boundaries and highest in the middle. The main difference in an actual case
is the presence of the hammer at the pile top, and this only serves to increase the compressive
stresses in the pile, not the tensile ones. For concrete piles tensile stresses is an important
parameter to control during driving and this result is important.

The first thing with Newmark’s method in Maple V is the presence of spurious oscillations
due to the discretization of the pile. These are inevitable with any division of a continuous wave
propagating medium into finite sections. Each element becomes a harmonically vibrating
system; the significance of the vibrations depends upon the length of the elements but it also
depends upon the actual, physical stresses taking place. At the pile middle, Newmark’s method
in Maple V tends to exaggerate the stresses at the peaks, but the results are otherwise
reasonable. At the pile top and toe the low stresses make the oscillations the main result except
during the initial hammer force at the pile top. These oscillations degrade the results
considerably.

With ANSYS, the combination of the internal dampening and the halving of the element size
enhance the results. The pile middle stress peaks are a little lower than closed form; this is yet
another discretization error that appears again with ANSYS in the damped case. The pile top



and toe results mostly eliminate the oscillation errors but they tend to drift around the closed
form solution rather than truly correlate with it.

The boundary conditions were the most challenging aspect of arriving at a closed form
solution. This is also true with numerical methods, but for a different reason. Although
numerical methods can more easily accommodate extensibility considerations and loading
condition changes than closed form solution, boundaries represent discontinuities in the system,
where numerical integration techniques can break down and render spurious results.
Furthermore it is both theoretically and practically impossible for a numerical method to render
an exact result at a specific boundary location when elements of a finite length are being
employed. This is an important advantage of closed form solutions.

b) Damped Solution

(1) Displacements

Figure 11 shows the displacement-time histories for the damped case by comparing the three
pile locations using the same method for each graph, and Figure 12 shows these histories by
comparing the methods with each other at each pile location.
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Figure 11 Damped Case, Comparison of Pile Locations, Displacements
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Although the time delay characteristics are the same as the undamped case, the dissipative
effects of the shaft soil are very evident, as the displacements diminish with distance from the pile
top. The closed form solution and the ANSYS solutions show a similar dissipation pattern, even
with different pile top loading. There is not a great deal of pile toe rebound; only the “knee” in
the displacement curves around t = 2L/c is evidence of this. This is because most of the soil
“resistance” here is along the shaft. Given the length of the pile and the fact that it is being
driven open ended, this is to be expected.

With the closed form solutions, it should be noted that the transition from Laplace transform
solution to Fourier series takes place around t = L/2c¢; therefore, almost all of the results for the
pile middle and toe are derived from the Fourier series. This indicates the complicated nature of
these series and why a large number of terms is necessary to obtain a reasonable solution.

Except for “rounding” at the corners, the ANSYS results for the square wave pile top force
are virtually indistinguishable from the closed form solution. This is a major result; in addition to
confirming both solutions (since they are obtained using very different methods,) it shows that
the difficulties with finite element methods can be overcome depending upon how the solution is
set up. This last point is true with virtually any finite element solution.

The ANSYS results with the impacting mass is similar to the square wave solution but shows
that the use of the undamped semi-infinite pile solution to determine a substitute force-time
curve has its limitations. Differences in the timing of the peak displacement were expected
because of the nature of the approximation. The slightly higher displacements, however,
indicate that, in order to accurately determine the peak force and displacement, a solution of the
damped semi-infinite pile at the pile top would be needed.



The WEAPS7 results, however, are very different from the other methods. Both the pile top
and especially the pile toe have much higher displacements than the other methods and the
“knee” is much more pronounced than the other methods as well. Since this program, its
predecessors and its successors are important in the actual analysis of wave propagation in piles,
some reasonable explanation is necessary.

The most important things to keep in mind about WEAPS7 is that it has been developed a)
largely without the benefit of closed form solution for comparison on a theoretical basis and b)
with the aim of correlation with field results. This latter point includes the very important
consideration that virtually all actual pile driving problems involve plastic displacement of the
soil; without it there can be no penetration of the pile. This fact is underscored by observing that
the displacements for the other solutions approach zero for all pile points as time advances. In
this case WEAP87 is asked to analyse a pile driving problem completely devoid of plastic
deformation, something it was not really intended to do. Moreover, although every attempt was
made to input the parameters of the problem into WEAP87 to have the same meaning as they
did with the other problems, the necessary inclusion of empirical factors into the program (the
source code was not available for this study) may make an exact comparison impossible and
thus alter the results.

One option considered at the start was the use of a finite difference program for which there
is available source code. This was rejected because a) most of these programs are at least twenty
years old, and thus may not be very relevant to programs currently in use, and b) would have had
the result of a new theoretical method to the problem, a role which ANSYS is well suited for.

(2) Stresses

Figure 9 shows the stress-time histories for the undamped case by comparing the three pile
locations using the same method for each graph, and Figure 10 shows these histories by
comparing the methods with each other at each pile location.
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The closed form solution shows the difficulties that Fourier series experience with step type
boundary or initial conditions; convergence at the “corners” is very difficult to achieve. This was
also experienced with Laura et. al. (1974). The undamped case shows that this problem can be
overcome with more realistic type loading functions.

The comparison between the closed form solution and the ANSYS run with the square wave
load is not as precise as with the displacements. This is probably due to a discretization



problem. However, the peak results correlate very well. ANSYS also experienced problems with
the step type of loading at the corners.

The situation with the stresses from the ANSYS run with the impacting mass is very similar
to that with the displacements.

The stress results from WEAP87 compares more closely with the other solutions than the
displacements, although there are still oscillations at the toe.



VII. DiscUSSIONS ON RELATED TOPICS

Having derived the equations for the closed form solution and compared them with
numerical methods, it is possible to draw some conclusions concerning them. However, before
this is done, two "miscellaneous" topics need to be discussed: a) an historical perspective on the
present solution and b) additional discussions on some of the aspects of the solution which
relate to important issues current in the ongoing application of stress-wave theory to piles.

A.  Historical Perspective of the Present Solution

Although the solution presented here is by no means the ne plus ultra in closed form
solutions (to say nothing of numerical methods), the mathematical techniques employed here
have been in existence since Isaacs (1931). This begs the obvious question: why was a solution
involving Laplace transformations, Fourier series or both not used sooner? Leaving out
discussions of interdisciplinary interaction (or lack of it) between civil engineers and
mathematicians on this question, there are three "technical" reasons why this did not take place
sooner.

The first is a limitation of the method, namely that the impulse force of the hammer be
substantially complete at time t < I./c. This favours longer piles; however, the types of piles that
inspired interest in this subject were generally short (10 m - 20 m long) concrete piles. So the
method is not as suitable as it is for the longer piles that are now installed because they can be
analysed by stress wave techniques.

Second, the computational labour for this method is considerable, as has been discussed
before. This is especially true with the Fourier series.

Third — and perhaps most important — the earliest researchers did not have the
understanding of the constitutive models of the soil that are necessary for successful stress wave
analysis. Glanville et. al. (1938) were conscious of this problem; this is attested to in the
following citation:

The foot resistance is, in practice, partly elastic and partly plastic. Any
differences between the assumed and actual foot conditions will cause the
calculated and observed values to differ most widely at the foot, and it is therefore
best to assume a foot condition which corresponds most closely to that in which
the footstress may become important, namely, severe driving against a hard
stratum. Under such conditions the greater portion of the set is elastic.

It was therefore decided to assume a purely elastic foot condition, and when
applying the theory in practice to use an approximate formula equating the
observed plastic plus elastic set to an equivalent purely elastic set, to which the
theory would be applied directly.

The effect of dissipation of energy due to propagation losses in the pile has
not been included in the theory, since very little information concerning it exists.
Dissipation will tend to reduce the stresses. The effect of skin friction will be of
the same nature from the practical point of view, since it will tend to decrease the
amplitude of the stress-waves as they travel along the pile. The effect of neglecting



both propagation losses and skin friction is therefore to make the theoretical
stresses higher than the actual stresses; that is, the error is on the safe side. (pp.

8§9-90)

Given the lack of knowledge concerning the soil response, Glanville's solution was simply to
combine convenient simplifications with conservative assumptions. This certainly allowed an
advance in the understanding of stress-wave phenomena in piles , but it results in a solution with
a fairly large "factor of ignorance" built into it.

It is in this light that the soil modelling proposed by Smith (1960) should be considered. He
states the basis for his soil model (and its limitations) as follows:

In order to make a pile calculation, it must be assumed that the soil will act in
some particular way. When future investigators develop new facts, the
mathematical method explained herein can be modified readily to take account of
them, but on the basis of information presently available, the assumptions listed in
what follows are recommended...Starting at 0, the pile point moves ahead a
distance Q (usually assumed to be 0.1 in.) compressing the soil elastically so that
at point A the ground resistance has built up to its ultimate value R, Plastic

failure then occurs and ground resistance remains equal to R, until the pile
reaches point B.  Elastic rebound equal to Q then occurs, and motion ceases at
point C where all forces are zero...This conception fails to consider the element of
time. Some piles penetrate the ground more rapidly than others. Obuviously, the
ground will offer more instantaneous resistance to rapid motion than to slow
motion. We therefore introduce the additional factor of "viscous damping" which
is commonly used in vibration problems (Smith (1960), p. 40).

Smith’s paper is the most cited work in the literature on pile dynamics. The soil model he
proposed, which is for the most part an empirical one, has been widely discussed, criticized,
modified, and applied ever since it was formulated, but at this point the basic validity of the visco-
elastic-plastic model for both pile shaft and toe has been confirmed and this model is in reality
the most used model for the response of the soil. (It is equally noteworthy that Smith never
considered this model to be the last word on the subject, either.) It is, in a sense, like Lysmer's
Analogue; a model proposed with rather limited theoretical backing but which represents a
"quantum leap" in the science of which it is a part.

The present solution, in one sense, is necessary to at least bring the closed form solution up
to parity with its numerical counterparts with respect to soil response. Although in this respect it
represents an advance, without the inclusion of effects due to plasticity the result is not complete.

B. Pile Top Monitoring and Force-Time Characteristics

Although this thesis is devoted to the wave equation's ability to predict pile performance
though analytical modelling, the most widespread use of wave mechanics is not in prediction but
in analysis of driving. When reasonably reliable instrumentation was developed to monitor pile
top displacements and accelerations (and through integration the velocities), interest began in
the possibility of using this information to predict the capacity of the pile. This is especially
valuable since soils are rather variable in nature and it is presently difficult to formulate from
strictly theoretical calculations the pile capacity with both accuracy and precision. In addition to



theoretical difficulties, the main problem rested in the perceived necessity of monitoring the
desired parameters at several points along the pile (as Glanville et. al. (1938) did), which made

the instrumentation as expensive as it was disposable. The solution to this problem is best
described by Fellenius (1996):

Then came the second Case Seminar in Cleveland, where Dr. George Goble
demonstrated that when having both gage types and placing them at the pile
head, the fact that the force and velocity records have opposing trends (i.e., the
strain gage and accelerometer responses on arrival of the soil reflections to the
pile head) could be used to "tell it all”; because the separation of the traces
actually 'reflects' the dynamic soil resistance along the pile shaft. The origin of
involving both types of gages in the test was based on the idea that the strain gage
would give the force and the velocity must be the force without damping, that is,
the pile capacity. Well, it was not quite that simple, but the gage combination was
there and its significance was quickly realized. The two independent
measurements gave, qualitatively, a visual picture of the distribution of shaft
resistance along the pile and a good picture of whether or not there was
significant toe resistance. Records from initial driving and restriking obtained
when both gage types were placed at the pile head could not give a clear
indication of soil set-up, for example. (p. 9, Keynote Address)

Put into the terms of this thesis, a semi-infinite undamped pile behaves at the pile top
according to Equation (17) and anything else does not. The development of the various pile
driving monitoring and data processing methods and equipment is based on the idea that the
violation of this equality is actually informative, since how the stress waves are reflected is based
on the parameters of the problem. An approach to this problem based on a closed form type
solution is to be found in Liang and Zhou (1996).

It is interesting to note that pile monitoring such as this, which is common on pile driving
job sites today, is the most important fulfilment of a comment that appeared at the end of Isaacs

(1931):

The new method (of wave mechanics) cannot yet be taken as definitely given
all that is desired...Particularly is this so in regard to the relationship between
driving resistance and bearing resistance for various classes of ground, and the
correlation of load tests with pile formulae...Further research may indicate an
empirical solution. Present knowledge, however, if intelligently applied can be

very useful, and in certain cases of ground may serve nearly as well as a static
load test. (p. 323).



VIII.CONCLUSIONS AND RECOMMENDATIONS

A.

1.

Conclusions

Within its stated limitations, the closed form solution presented in this thesis is a viable tool
for the analysis of stress wave phenomena in piles on a theoretical basis. This is true both
for the undamped and the damped cases. The method generally both correlates with and
illuminates the results of numerical analysis, provided that the numerical method used can be
properly compared with the theoretical basis of the closed form solution.

The substitution of a strain related pile toe dynamic resistance (as opposed to a velocity
related one) by assuming the existence of a semi-infinite soil column under the toe shows
initial success but requires further study, both theoretical and experimental, as the entire
subject of pile shaft and toe response is still not adequately quantified.

The limitations on the Bessel function argument induced by the series substitution and the
reduction of the force to a square wave pulse indicate that, although the damped solution is
an adequate first approximation, the ultimate solution of this problem is either a numerical
one or the numerical integration of a closed form solution.

The results of the ANSYS modelling shows that this program is capable of the basic
modelling of wave propagation in piles.

Recommendations for Further Research

Semi-infinite pile velocity-time or displacement-time solutions for undamped piles need to be
done for the case of a damped cushion both between the ram and the driving accessory and
the driving and accessory and the pile. This will include the usual setup for concrete piles.
Also, further solutions for cushionless hammers need to be developed, preferably in closed
form.

The solution of the displacement and velocity characteristics of the pile top for damped piles
for a variety of hammer configurations needs to be done. This will increase confidence in
both the closed form and numerical solutions for the damped pile.

Further work on the closed form solution of the wave equation for piles should centre
around the development of “semi-numerical” methods such as fast Fourier transforms and
their inverses or numerical solutions of Laplace transforms for finite piles. This is necessary
to extend the use of semi-infinite pile solutions (damped or undamped) to at least 2L./c, and
thus make them applicable for shorter piles. Solutions should also be developed to deal with
the inherent non-linearities of the problem, especially those of soil plasticity.

More research needs to be done concerning soil response to impact pile driving. In addition
to problems which are widely understood in this field, the investigation of the strain related
model, both theoretical and experimental, needs to be furthered for the sake of closed form
solutions if not for numerical ones.
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